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Abstract
A polymer brush is formed by densely grafting the chain ends of polymers onto
a surface. This tethering of the long macromolecules has considerable influence
on the surface properties, which can be additionally modified by changing the
environmental conditions. In this context it is of special interest to understand
and control the behavior of the grafted layer and to create surfaces that display a
desired response to external stimulation.
The present work studies densely grafted polymer brushes and the effects that
such an environment imposes on an individual chain molecule in the grafted layer.
For this purpose we developed a new self-consistent field approach to describe
mixtures of heterogeneous chains comprised of differently sized hard spheres. Ap-
plying this method to the case of polymer brushes we consider a fraction of grafted
molecules to be different from the majority brush chains. The modification of
these chains includes a variation in the degree of polymerization, a different sol-
vent selectivity behavior and a variable size of the free end-monomer. Due to the
computational efficiency of the present approach, as compared for example to direct
simulation methods, we can study the conformations of the modified ’guest’ chains
systematically in dependence of the relevant parameters. With respect to brush
profile and the distribution of the free chain ends the new method shows very good
quantitative agreement with corresponding simulation results. We also confirm the
observation that these ’guest’ chains can undergo a conformational transition de-
pending on the type of modification and the solvent quality. For the cases studied
in the present work we analyze the conditions to achieve a most sensitive behavior
of this conformational switching. In addition, an analytical model is proposed to
describe this effect. We compare its predictions to the numerical results and find
good agreement.
Kurzfassung
Eine Polymerbu¨rste entsteht durch dichtes und irreversibles Anbinden der Enden
langer Polymerketten an einer Oberfla¨che. Das Aufbringen solcher Makromoleku¨le
hat einen entscheidenden Einfluss auf die Oberfla¨cheneigenschaften, welche durch
A¨nderungen in der Umgebung noch zusa¨tzlich beeinflusst werden ko¨nnen. In
diesem Zusammenhang ist es von besonderem Interesse das Verhalten der Poly-
merschicht zu verstehen und zu kontrollieren, um Oberfla¨chen zu erzeugen, welche
in einer vorgegebenen Weise auf a¨ußere Vera¨nderungen reagieren.
Die vorliegende Arbeit bescha¨ftigt sich mit dichten Polymerbu¨rsten und den
Effekten, welche eine solche Umgebung auf einzelne Kettenmoleku¨le ausu¨bt. Dazu
wurde eine neue numerische Methode zur selbstkonsistenten Beschreibung von Ket-
tenmoleku¨len, welche aus harten Kugeln unterschiedlicher Gro¨ße bestehen, entwi-
ckelt. Wir wenden diese Methode auf Polymerbu¨rsten an und betrachten den Fall,
dass ein Teil der Ketten in der Bu¨rste im Vergleich zu den anderen Polymeren
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vera¨ndert wurde. Diese Modifizierung umfasst eine A¨nderung der Kettenla¨nge,
des Selektivita¨tsverhalten bezu¨glich des Lo¨sungsmittels und einer variablen Gro¨sse
des freien Endmonomers. Durch die hohe Effizienz in der Berechnungszeit dieses
Verfahrens gegenu¨ber direkten Simulationsmethoden, ko¨nnen die Konformationen
der modifizierten ’Gastketten’ systematisch und in Abha¨ngigkeit der relevanten
Parameter untersucht werden. Bezu¨glich der Bu¨rstenprofile und der Verteilung der
freien Endmonomere zeigt die neue Methode sehr gute quantitative U¨bereinstim-
mung mit entsprechenden Simulationsdaten. Auch die bereits bekannte Beobach-
tung, dass diese ’Gastketten’ einen drastischen Konformationsu¨bergang in Abha¨n-
gigkeit der Art der Modifizierung und der Lo¨sungsmittelqualita¨t zeigen ko¨nnen,
wird besta¨tigt. Fu¨r die in dieser Arbeit untersuchten Fa¨lle ko¨nnen die jeweils op-
timalen Bedingungen gefunden werden, unter welchen solche Konformationsu¨ber-
ga¨nge besonders effektiv auftreten. Zusa¨tzlich wird ein analytisches Modell vorge-
schlagen, um diese U¨bergange zu charakterisieren. Beim Vergleich der Vorher-
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The materials studied in soft condensed matter [1–9] often show a behavior which
is quite different from that of pure liquids or crystalline solids. The featuring
properties of soft matter stem from the special relevant length scales, which are
intermediate between atomic sizes and macroscopic scales. But, still, these meso-
scopic structures are largely influenced by thermal fluctuations as reflected by the
fact that many important interactions and properties are entropic in origin.
On the relevant length scales the chemical details become unimportant what
allows the development of coarse-grained models and subsequently the use of con-
cepts from classical statistical mechanics. The collective properties of soft matter
systems display a high complexity of self-assembly, what makes the appearance of
soft matter systems in nature, as well as its possible applications in technology and
industries, outstanding among material sciences (typical soft matter systems are
for example liquid crystals, micelles, membranes, microemulsions, plastics, gels).
In the field of research it is the task to understand, predict and control the
self-assembling in order to achieve the creation of new materials with special or
enhanced properties. One important aspect in this context have become surfaces
which display a smart response to external stimuli. By changing the environmental
conditions the surface is designed to adopt different configurations with special
demanded properties. This offers a great range of applications such as nano-sensors,
-catalysts, microactuators, surfaces of tunable adhesion, lubrication or friction up
to stimulated drug release [10–14].
Polymer brushes offer a versatile tool to design stimuli-responsive surfaces. The
tethering of polymer chains to a surface has considerable influence on the surface
properties, like an improvement of colloid stabilization which is well understood
[15]. The response of polymer brushes to changes in the environment have been
reported widely in experiment and theory, for example: thermal response [16],
response to solvent selectivity [18, 19], to varying pH or photo-responsive brushes
[10, 20].
Recently, mixed brushes composed of distinct chains and / or containing nano-
particles received an increasing attention. Changing chain lengths, compositions
and architectures offers a great variety of possible realizations for smart surface
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Figure 1.1: Atomic force microscope images [17] of a mixed polymer brush of
PNIPAAm and PAA-b-PS block-copolymer. Increasing pH (left image at pH4 and
right image at pH7) reduces the surface roughness.
coatings. First theoretical and simulation studies appeared around 20 years ago
[21–24]. Experimental realizations and applications can be found for example in
[10, 17, 25, 26] and references therein.
With improving experimental techniques very high grafting densities have been
achieved [27, 28]. It is well known [29–32], that densely grafted polymer brushes
create a special environment for the chains forming part of the brush. Recently, a
surface switching effect could be identified in dense brushes, where a low fraction
of chains is modified in comparison to the majority chains [33,34]. Controlling this
switching and understanding its properties opens a promising way for the building
of smart surface coatings.
In the present work we want to analyze the effect of a dense brush environment
on the behavior of individually modified chains forming part of the brush. We start
in chapter 2 by presenting the theoretical background and discuss some general
properties of polymer brushes. In chapter 3 we develop a new numerical method
for the description of polymer brushes of heterogeneous chains and present an
analytical model in chapter 4 for the behavior of a low fraction of modified chains
in a dense polymer brush. The following chapters 5, 6 and 7 are destined to study
three different cases of modifications of a chain using our method presented in
chapter 3 and compare the results to the predictions made in chapter 4 as well
as to MD simulations carried out using coarse grained bead spring models. A
summary and outlook is given in chapter 8.
3Chapter 2
Introduction
2.1 Polymers and polymer brushes in
theoretical descriptions
A polymer (poly-mer = many-part) refers to a macromolecule that is built up of a
(very) large number of successive molecular repeat units, the monomers, which are
connected to each other by covalent bonds. Already the groups of atoms forming
a monomeric unit can widely differ in number, kind and chemical composition and
hence the variety among such groups is huge. Also the number of possible architec-
tures in which way monomers are linked together forming a polymer is remarkable.
They may form linear or ring chains (of different length) with or without branch-
ing, forming e. g. stars or dendrimers up to crosslinked networks of polymers. In
addition, polymers may consist of more than only one type of monomeric unit (so
called heteropolymers) and the possibilities in arrangement and sequence are again
enormous. The number of explicit chemical structures of polymers found in nature
and technology is uncountable. As it is for the possible environments polymers may
be exposed to: in different solvents of varying concentrations, in melts or blends,
close to interphases or in restrictive geometries, grafted to surfaces and or mixed
together with additional material (e. g. nanoparticles).
In consequence of this tremendous variety of polymers and their environmental
conditions the encountered behavior of polymeric systems is merely inexhaustible
with many properties (e. g. shear rate, swelling ratio, storage modulus) ranging
over several orders of magnitude. Polymers are hence of great interest both for
practical and theoretical purposes. Owing to their plentiful appearances in nature
as well as in technology, they are the object of investigation in many scientific fields,
such as material sciences, medicine, chemistry and physics. In biology polymers,
such as DNA, proteins and lipids play an all-important role.
The scientific understanding of polymers started and then progressed rapidly
during the first half of the 20th century when it was discovered that many of the
properties can already be predicted from the assumption that these objects are
built up of successive units (monomers) that are bound together and so forming
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chain-like macromolecules. Initiated by Staudinger and Carether the first system-
atic approaches in experiment and theory were developed. The first theoretical
models have been proposed by polymer physics pioneers, such as Kuhn, Flory and
Huggins in the middle of the last century. Starting point was the recognition of
self-similarity of polymers on a great range of length scales. This observation al-
lowed a mapping to a universal model [35], disregarding all complexities stemming
from the individual chemical structures and bindings of specific molecules. The
explanation for the swelling effect of polymers [36] in most solvents (so-called good
solvents) and the thermodynamics of polymer solutions [37, 38] from simple and
straightforward arguments are of such elegant and captivating fashion that they
are still in use throughout the literature for a first approximate description.
The more particularized theories of polymers, whose first development can be
attributed to Edwards [2, 39] and de Gennes [3], focus on predictions by solely
taking into account the polymers topology and fractal structure on intermediate
length scales. The theorems are of a very fundamental kind for physics itself
(e. g. scaling analysis, critical phenomena, renormalization theory, random phase
approximation, functional integrals and mapping of polymer statistics to partial
differential equations [2, 3, 8]). This puts the description of polymers into a very
general and universal context along the areas in theoretical physics. Together
with highly precise experimental observations and especially the investigation of
polymer systems using computational simulations, polymer theory also provides a
very important tool to test these fundamental theorems and the conditions under
which they are applicable.
Due to their macromolecular nature polymers are governed more by statistical
averages than by microscopic details. The theory often focuses on the probabilistic
description of conformations a polymeric system adopts under certain conditions.
Nowadays, to a large extend, this implies the use of computer-based methods for
simulations, such as Monte Carlo (MC) and Molecular Dynamics (MD), or numer-
ical calculations in statistical field theories, often in mean field approximation like
self-consistent field theories (SCF).
2.1.1 Polymer chains
The attempt to provide a full description of any real macromolecule with all its
complex chemical bindings and potentials means an unmanageable amount of re-
lations and information to be collected about its microstructure. The knowledge
of all degrees of freedom and interactions is impossible, not mentioning the efforts
for explicit calculations of such ab initio approaches.
The starting point in polymer physics is to model the microscopical details
in a coarse-grained picture. This abstraction is only well defined if the polymer
itself is long enough.∗ All the coarse grained parts are themselves built up of big
molecules. The models developed in polymer theories are only valid for scales
∗corresponding to the thermodynamical limit
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x ≫ m, where m denotes the typical linear size of a chemical monomer. Due
to the varying binding configurations between the atoms, driven through thermal
agitation, the angles and the distances between successive monomer units follow a
statistical distribution function. This distribution function of the possible positions
of neighboring monomers contains all the information about the relevant degrees of
freedom also on intermediate and macroscopic length scales. It has been shown by
Kuhn [35], that, no matter how this distribution may look like, if only the polymer
consists of sufficiently many monomers, the long range statistics can be mapped
onto a universal model.
The coarse graining is performed via grouping together a number of successive
chemical monomer units (size m) such that the last monomer can point into an
arbitrary direction with equal possibility no matter into what direction the first
monomer was oriented (the correlation length). Beyond this length scale (denoted
as b in the following), where any directional correlation between neighbors has been
lost, a polymer chain is modelled as a freely-jointed chain or equivalent as a random
walk [35].
An important property of random walks is the relation between the mean square
displacement and the number of steps N (with step size b) taken from the origin





= Nb2 ≡ C∞Mchm2 , (2.1.1)
under the condition that both objects are of the same maximum (contour) length
L:
Nb ≡ Mchm = L . (2.1.2)
Here, Re denotes the average end-to-end distance of the polymer chain, N is the
number of coarse-grained segments, whereas Mch denotes the number of chemical
monomers and C∞ (asymptotic characteristic ratio) provides a common mapping
ratio and is of the same order as the previously mentioned correlation length.
In polymer science it is more convenient to denote the size of a polymer coil by

















i ri/N denotes the center of mass of the polymer. The identification
of a polymer chain as a random walk on large length scales forms the fundamentals
in polymer theory and is denoted as the ideal chain model [3], where interactions
between monomers, in particular volume exclusion, are neglected. There exist
various actual mathematical realizations to represent an ideal polymer chain (e.
g. Gaussian chain, worm-like chain, freely-jointed chain [9]). The model of choice
depends on the characteristics of the actual chain and the conditions the chains are
exposed to. The ideal chain model is strictly correct in spatial dimensions larger
or equal four [8]; and in a more subtle way for dense polymer systems [3].
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In order to describe real chains the interactions of a chain with itself can not
be neglected [40]. In the following we only consider a spatial dimension d = 3. In
the case of a single chain diffusing freely in solution the average linear size of the
polymer coil (radius of gyration or end-to-end distance) scales like:
R ∝ Nν b . (2.1.4)
The Flory exponent ν [1] depends on the solvent quality. Under poor solvent
conditions, when the monomers effectively attract each other, it becomes ν = 1/3
(collapsed state). If the interactions are effectively repulsive (good solvent) the
polymer adopts a swollen state. Like the random walk model for ideal chains also
this self-avoiding walk is self-similar beyond length scales larger than b [3]. The
exponent is found to be ν ≈ 0.588 [41]. Right at the point where attraction and
repulsion cancel each other we have ν = 1/2 and the solvent is termed a Θ-solvent
(in this case a real chain obeys quasi-ideal chain statistics).
In addition the chain interacts also with other objects that are present in the
system (other chains, surfaces, nanoparticles etc.). A mathematical framework to
take into account interactions and external potentials in the statistical physics of
polymer chains will be described further below.
2.1.2 Polymer brushes
The term polymer brush denotes a system of (long) polymer chains that are teth-
ered with one chain end to an impenetrable surface. The surface itself
Figure 2.1: Sketch of a polymer brush.
can be of different shape and cur-
vature. In the present work we
only consider flat grafting sur-






with M/A the number of grafted
chains per surface area and b the
linear size of a segment. The
average distance between grafted
chain ends is ξ = σ−1/2b. The
grafting density must be suffi-
ciently large to ensure the poly-
mers to overlap and therefore to
stretch away from the grafting surface. The brush condition, the value σ∗, at which
the chains start to overlap depends on the length of the tethered chains and the




∝ N−2ν . (2.1.6)
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If σ > σ∗ the chains have to stretch away from the impenetrable surface.
A first theoretical approach to describe polymer brushes was presented by
Alexander and de Gennes [42, 43] at the end of the 70’s. Based on scaling ar-
guments [3] they could capture the fundamental properties of a polymer brush. To
obtain their result it is most instructive to use the simple blob model [3]. Within a
blob of size ξ a chain section in a brush is assumed to diffuse freely. The presence
of neighboring chains does not perturb its conformation and it behaves like a single
chain under corresponding solvent conditions Eq. (2.1.4). Hence, the number of










Each chain contributes a number of N/g of such blobs. Due to mass conservation
the brush is densely filled up with these blobs and the height hbrush of the grafted
layer is predicted to scale like:
hbrush ∝ ξ N
g
∼ Nσ 1−ν2ν = Nσδ . (2.1.8)
Under good solvent conditions, where ν ≈ 3/5, this becomes:
hbrush ∝ Nσ 13 . (2.1.9)
Usually polymer chains are found in coil-like conformations, with a size Rg ≪
N (Eq. (2.1.4) with N ≫ 1). In a brush the chains adopt strongly stretched
conformations, Rg ∝ N .
The Alexander-de Gennes model implicitly assumes a box-like profile of con-
stant density and the free chain ends are considered to lay in a thin layer around
the brush surface. This picture itself is oversimplified, but the scaling relation Eq.
(2.1.8) with respect to N and σ has been verified using alternative approaches (e.
g. [44, 45]).
2.2 The self-consistent field method
The theoretical description of polymer systems represents a typical many-body
problem in statistical physics. Already at the stage of 3 bodies (particles) inter-
acting mutually with each other exact solutions can often no longer be obtained
explicitly. With increasing number of objects in the system any approach, that
takes into account all mutual interactions between the particles, becomes impos-
sible to solve and approximation techniques have to be introduced. One of the
fundamental approximation schemes in many-body physics is the so called mean
field approach, where all the mutual interactions are replaced (or approximated)
by a single external field (mean or molecular field). The original concept has a
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long-standing history (e. g. van der Waals fluid [46]). Thermal fluctuations in the
system are pre-averaged in the inhomogeneous mean field.
In classical equilibrium statistical physics one would formally have to solve an













Here, we only account for mutual two-body interactions U(ri, rj) (which is often
sufficient) of particles with their center of mass located at ri and rj. For conve-
nience we set kBT = 1. The term U0 represents external fields to describe additional
constraints or boundary conditions. In polymer physics (at least some of) the N
particles (the monomers) are connected to chains and this constraint shall be ac-
counted for via U0. Different chain models are represented by different connectivity
terms U0 [47]. Commonly, in mean field approaches for polymer systems the mutual





U(ri, rj)→ Vi(ri) . (2.2.2)
The external potential (field) Vi(r) accumulates all interactions, that particle i
experiences, into one function describing, e. g. overlapping, attraction and repulsion
between the compartments. The hard-core repulsion, that often comes along with
U to prevent overlapping of the particles is softened into a smeared out potential.
The presented survey of the mean field approximation is far from a mathe-
matically rigorous presentation†, but it captures the fundamental aspects. All
individual versions of the mean field concept (e. g. Hartree-Fock, density functional
theory (DFT)) share the benefit of decoupling interactions among particles (here:
U) and so reducing the many-body problem to an effective single particle in an
auxiliary field (here: V ).
2.2.1 Single chain in external potentials and
the self-consistent condition
In the self-consistent field theory (SCF) presented in the following the bonding
constraints among successive monomers are taken into account explicitly. We only
consider the case of a homopolymer system, where one single type of monomers is
present in the system. This way the original many-chain problem reduces to that
of a single chain in an external potential. A generalization to mixtures of different
chain types is presented in the next chapter.
∗some versions of SCF [47] or DFT [48] treat also the connectivity constraint in mean field
fashion
†which often invokes the translation into a field-theoretical representation [47, 49]
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A very simple and well studied chain model is the Gaussian chain. It is one
of the first models proposed [35] to describe the connectivity in a polymer chain.
Throughout the present work all length scales are in terms of the linear segment
size b (the fundamental length scale). In the path integral formulation a Gaussian
















The functional integral is the weighted sum over all conformations r(s), s ∈ [0, N ].
Its special form allows the application of the Greens function formalism to trans-
form the problem into a differential equation [2]:





∇2G(s, r, r′)− V (r)G(s, r, r′) , (2.2.4)
with the initial condition:
G(s = 0, r, r′) = δ(r− r′) (2.2.5)
The Greens function G(s, r, r′) gives a measure for the probability to find chain
segments, being a distance s apart on the chain contour, at points r and r′, e. g.
the chain ends:













δ(r− r(0)) δ(r′ − r(N)) . (2.2.6)
Eq. (2.2.4) shares great mathematical similarity with the Schro¨dinger equation in
quantum mechanics. This allows to adopt well-established mathematical methods
to solve Eq. (2.2.4).
Equivalent to the partition function also the Greens function contains essential


















The prefactor M denotes the number of chains in the system, such that N =
MN =
∫
drφ (connecting the single chain to the original many-chain problem).
Hence, for a given V (r) a certain volume occupation φ(r) in the system is
obtained via the solution of Eq. (2.2.4):
φ(r) = φ[V (r′)] . (2.2.8)
The keypoint of SCF is that the potential field V (r) and the resulting φ(r) must
be connected self-consistently via the equation of state µ(φ):
V (r) = µ(φ(r)) . (2.2.9)
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The relation V = µ(φ) accumulates all coupled interactions into one averaged func-
tion. The choice of µ(φ) should be adopted in accordance to the actual conditions
considered in the system. Explicit forms for the EoS and a more detailed discussion
will be given in the following chapter.
SCF has been widely used to analyze properties of polymer brushes (e. g.
[50–54]). Often, SCF for brushes is implemented in a 1-dimensional approach.
In any mean field approximation (homo)polymer brushes are not expected to dis-
play lateral inhomogeneities and the presented 3D description can be reduced to
1D, where only the dependence on the height (z-coordinate) is taken into account
(translational invariance along the grafting surface in x- and y-direction).
For chain models which obey a different relation to describe the connectivity
of successive segments, the method can be adopted respectively. In Eq. (2.2.6)
the first term in the exponential is replaced accordingly. Relations Eq. (2.2.7)
to Eq. (2.2.9) remain valid. The chain model of choice depends strongly on the
type of system to be described and the expected conformations of the chains in
these environments. For many polymeric systems the Gaussian model resulting
from the self-similarity of a polymer coil is appropriate. However, Gaussian chains
are infinitely extensible, a fact which can play an essential role at high grafting
densities.
2.2.2 SCF for a polymer brush of Gaussian chains
Even in 1D the system of equations Eq. (2.2.4) to Eq. (2.2.9) can not be solved
analytically. A direct method to attain a numerical solution is the straightforward
discretization of the real space representation (e. g. in Eq. (2.2.3)) [47].
In the following we consider a Gaussian chain of total contour length L = Nb
in 1 dimension (the height axis) in an external field V (z). The path integral
formulation for the Greens function G of a chain section of contour length sb ≤ Nb
connecting ’points’ z1 and z2 reads:














δ(z(0)− z1) δ(z(s)− z2) . (2.2.10)
We are starting from the Markov property [2]:
G(s, z1, z2) =
∫ ∞
−∞
dz G(s′, z1, z)G(s−s′, z, z2) ∀ z1, z2, 0 ≤ s′ ≤ s ≤ N . (2.2.11)
Inserting Eq. (2.2.10) in the r. h. s. in Eq. (2.2.11), assuming s − s′ = ∆s ≪ 1
with the continuous parameter s discretized in steps ∆s we can approximate Eq.
(2.2.11) in this limit:
G(s, z1, z2) ≈
∫ ∞
−∞
dz e−∆s V (
z+z2




The last exponential in Eq. (2.2.12) only provides a non-zero contribution if (z −
z2)
2 . ∆s, and since ∆s ≪ 1 we can estimate this part of the integrand in Eq.
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(2.2.12) in a series expansion around z = z2. Keeping only terms up to order
O(∆s), resp. O((z − z2)2), and integrating Eq. (2.2.12) we obtain the following
approximation:














The prefactor in Eq. (2.2.13) is due to the normalization condition of G and can be
equivalently adsorbed in a constant potential shift V → V + V0. Via an additional
real space discretization of z in steps ∆z ≪ 1 we approximate the partial derivation
in Eq. (2.2.13) through a (central) difference quotient and obtain a recurrence
relation for G by a discretization of z and s:










(G(s−∆s, z1, z2 +∆z) +G(s−∆s, z1, z2 −∆z)
)}
, (2.2.14)
with the the initial condition:
G(s = 0, z′, z) = δz′,z . (2.2.15)
And the condition for the grafted chain end:
G(s = 0, z′, z) = δz′,0 . (2.2.16)
In dependence of the function V (z) this approximation is only adequate if ∆s and
∆z are sufficiently small and one assures:
3∆z2
∆s
> 1 . (2.2.17)
Thus, the transition probability from one site z to a neighboring site is strictly
positive. For small enough ∆s and sufficiently homogeneous V (z) the exponential
in Eq. (2.2.14) can be expanded to O(∆sV (z)) to obtain the discretized version of
the differential equation in Eq. (2.2.4) for Gaussian chains in 1 dimension. Ana-
logue, the integrals on the right of Eq. (2.2.7) are approximated in the discretized
space to obtain the segment density φ(z).
The resultant set of nonlinear equations obtained via the SCF closure Eq. (2.2.9)
can then be solved via well-known optimization schemes (see e. g. [55, 56]).
2.2.3 SCF on a lattice - Scheutjens-Fleer model
For polymers near an impenetrable surface Scheutjens and Fleer developed an
analogue recurrence relation for the partition function G(n, z, z′) of a chain of n
segments on a lattice [51]. Here, the discretization is ad hoc defined by the lattice
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spacing representing the size of a monomer / bond. The transition probability,
termed λ1, is then provided by the lattice topology, i. e. the number of nearest
neighbors. Reduced to a one-dimensional description the Greens function for lattice
chains obeys the following relation:
G(n+ 1, z′, z) = e−V (z)×{
λ1G(n, z
′, z − 1) + λ1G(n, z′, z + 1) + (1− 2λ1)G(n, z′, z)
}
, (2.2.18)
with analogue conditions as in Eq. (2.2.15) and Eq. (2.2.16). λ1 is determined by
the type of lattice under consideration (e. g. simple cubic: λ1 = 1/6, hexagonal
closed packing: λ1 = 1/4, body centered cubic: λ1 = 1/2).
Note, that Eq. (2.2.14) and Eq. (2.2.18) are identical for choices ∆s = 1 and
∆z2 = 1/(6λ1) in the Gaussian discretization procedure. But an approximation
for a Gaussian chain in Eq. (2.2.14) with ∆s = 1 is only justified if V (z) is smooth
enough, such that, locally, the chain obeys a linear force-extension relation, i.e. it
remains in the Gaussian regime (see Figure 3.2). For strongly varying V (z) one
must use ∆s≪ 1 in Eq. (2.2.14).
Lattice chains exhibit different force-extension relations when varying λ1, but
they are analogue to each other, i.e. after a rescaling of the monomer / bond ratio
they can all be mapped onto each other. The substantial difference between Gaus-
sian chains and lattice chains is the finite extensibility. Another finite extensible
chain model is the freely-jointed chain in continuous space [9].
For the case of densely grafted polymer brushes finite extensibility becomes
important [57–59]. We note that in most literature polymer brushes have been
described on the basis of the Gaussian chain model (eg˙. [44,60]).
2.3 Analytical SCF approach for
polymer brushes
Numerical SCF calculations and computer simulations [53,54,61] of brush profiles
and end-monomer distributions revealed certain discrepancies to the Alexander-
de Gennes picture mentioned in 2.1.2. For an effective repulsion between the
monomers (good solvent conditions) the density was found to decrease continu-
ously from the grafting surface towards the top of the brush and the free chain
ends were distributed over the whole brush height. A pioneering work for an an-
alytically solvable self-consistent field approach to describe microphase separation
in a melt of diblock copolymers was published by Semenov [62]. Assuming the
chains to be highly extended Semenov characterizes a chain by a definite trajec-
tory instead of considering all possible conformations in the system. This way all
conformational fluctuations around the ’mean’ trajectory are neglected. Due to
the assumption the method is often called strong stretching approximation (SSA).
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2.3.1 The parabolic profile - low density approximation
Applying the SSA ideas to polymer brushes Milner et. al. [60] and Zhulina et.
al. [44] found the same scaling behavior as in Eq. (2.1.8), but they draw a rather
different picture of the structure of the grafted layer in accordance with numerical
findings [53, 54, 61]. The monomer concentration is predicted to be of parabolic
form instead of a box-like profile. Also the free chain ends are not strictly localized
near the top of the brush but rather distributed over the grafted layer.
Starting point for the SSA calculations is the free energy functional for a single
brush chain in one dimension, the height coordinate z. In the two directions parallel



















SSA makes the assumption, that in the equilibrium Eq. (2.3.1) is dominated by
one ’averaged’ path z(s) that minimizes the free energy. With this replacement the
problem reduces to the calculation of the minimizing integrand in the exponential
in Eq. (2.3.1).
In [60] the functional derivation with respect to z(s) (Euler-Lagrange formalism)








From this differential equation the potential V (z) is then ’guessed’ [60] to be
parabolic,
V (z) = A− Bz2 , (2.3.3)
because no matter where the ungrafted end (labeled s = 0) is located in the layer
the tethered chain end (labeled s = N), must be right at the grafting surface after
N steps. Interpreting the monomer label s as a time variable this condition is
analogue to the property of an harmonic oscillator which moves from its maximum
displacement to the center in always the same time, independent of the actual
amplitude. This fixes B = 3π2/(8N2) in Eq. (2.3.3), without any reference to
grafting density or solvent selectivity. And A = B h2brush, since at the outer edge of
the brush the potential must vanish V (hbrush) = 0. From normalization conditions
in dependence of σ together with the chosen relation V = µ(φ) the brush height
hbrush is calculated and final results for the occupation density φ(z) and the chain
end distribution ge(z) are obtained.
Following a mathematically rigorous way Zhulina et. al. [44,63] receive exactly
the same results as described above. In terms of the unknown chain end distribution
ge(z) and the entropic contribution for the local elongation E(z, z
′) = d z(s, z′)/d s
of a Gaussian chain segment at position z, if its free chain end is located at z′ > z,
the ’averaged’ free energy (exponential in Eq. (2.3.1)) for a single chain can be


















dz f(φ(z)) , (2.3.4)
with the normalization condition for the chain end distribution:∫ h
0
dz ge(z) = 1 . (2.3.5)
Note, that in Eq. (2.3.4) the integration variable has changed (
∫
ds → ∫ dz).
The function f(φ) describes the interactions among the monomers, analogue to





Since the inverse of E(z, z′) gives the segment density at height z of a chain that







ds = N . (2.3.7)









Under the conditions Eq. (2.3.5) and Eq. (2.3.7) the free energy functional Eq.
(2.3.4) has to be minimized. Solving this variational problem in terms of the cor-
responding Euler-Lagrange equations for E(z, z′) and for ge(z) the two relations
decouple and the solution is a parabolic self-consistent elongation E(z, z′), inde-
pendent of the relation f(φ). It is alone ge(z) depending on f(φ). The decoupling
of the original self-consistent equation into two independent equations is illustrated
in Ref. [44].
This is an important result from SSA: It is exclusively the chain model, that
determines the self-consistent profile to be of certain form, no matter how the
actual interactions between the monomers look like. Gaussian chains forming a
brush always produce a parabolic potential Eq. (2.3.3), independent of the solvent
quality.
For the case that f(φ) = v φ2, resp. µ(φ) = 2v φ, where v is the second virial












h2 − z2)1/2 . (2.3.10)
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And the scaling relation in Eq. (2.1.8) under good solvent conditions (ν ≈ 3/5) is
confirmed. In polymer physics v is often denoted the excluded volume parameter
(with strictly v > 0 for good solvent conditions [9]).
In the following this SSA approach was generalized and applied to a variety of
brush systems including for example polydisperse brushes [64,65] and the effect of
polymeric solvent [66], as well as polymer brushes on curved surfaces [67].
Applying different interaction terms (e. g. higher order virials [44, 66], using
Flory-Huggins equation for polymer solutions [60, 63] or imposing melt condi-
tions [60]) the scaling relation Eq. (2.1.8) is confirmed also for Θ- and poor solvent
conditions. The SSA results for the brush profile and the end-monomer distribu-
tions proved to be in agreement with numerical SCF calculations [68–70] and Monte
Carlo simulation [71] methods if the chains were not grafted too densely [58, 59].
2.3.2 Finite extensible chains
Since the Gaussian chain model (infinite extensible) is inadequate for strongly
stretched chains the results presented above tend to fail at high grafting densities
[59]. The SSA method was extended to other chain models, that account for
finite extensibility [57, 58]. For the lattice chain model on a simple cubic lattice
and for freely-jointed chains of spherical segments the self-consistent potential can
not be presented in a closed analytic form [59] and the results are only obtained
numerically, solving implicit integral equations. Significant deviations from the
Gaussian chain model are found for grafting densities σ > 0.2 [58]. With increasing
σ the brush profile becomes more and more step-like and the free chain ends are
found with growing tendency at the outer edge of the brush. Hence, in the limit of
very high grafting densities the Alexander-de Gennes picture of a brush is obtained.
For the series expansion presented in Ref. [59] Biesheuvel et. al. [72] proposed an
empirical expression for the self-consistent potential of freely-jointed chains (spher-
ical segments):




1− x2 . (2.3.12)
Where x = Re/Nb denotes the stretched distance relative to the chains contour
length. With increased chain stretching the form of Eq. (2.3.12) changes from a
parabola (x≪ 1) into a box-like form (x→ 1).
For the description of the entropic interactions, Eq. (2.2.9), in a mixture of




7φ− 7φ2 + 2φ3
(1− φ)3 + ln(1− φ)
}
. (2.3.13)
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In Fig. (2.2) a comparison of the brush profiles for different chain models using
according interaction terms µ(φ) (for good solvent conditions) is displayed to il-




























Figure 2.2: Comparing density profiles φ(z) and end-monomer distributions ge(z)
for different methods (σ = 0.32, N = 64). SSA freely-jointed applying modified
Carnahan-Starling equation [72], SCF lattice applying Flory-Huggins equation [51],
SSA Gauss applying µ(φ) = vφ [60], MD simulation data [45].
simulations (MD) [45] are based on a bead-spring model with a non-linear finite
extensible (FENE) spring potential between spherical chain segments. The differ-
ences between the approaches are remarkable. For finite extensible chain models
at increasing monomer-monomer interaction (σ ↑ and / or µ(φ) ↑) the brush profile
(l.h.s. in Fig. (2.2)) flattens considerably, tending towards a step-like form, and
the chain ends (r.h.s. in Fig. (2.2)) are more and more localizing on the top of the
grafted surface. All profiles and end-monomer distributions are obtained for the
same grafting density σ = 0.32 and chain length N = 64. Without any rescaling
necessary, the results of SSA for a freely-jointed chain model [72] are in quantitative
agreement with MD simulation data [45].
2.3.3 Extension to varying solvent quality
The authors in [72] considered the case of athermal interactions (purely repulsive)
between the spherical segments exclusively. To compare later on with SSA also for
varying solvent selectivity we add an attractive contribution to the second virial
coefficient in Eq. (2.3.13) in analogue to the mean field Flory-Huggins theory [37,38]
to describe polymer solutions under varying solvent conditions. We introduce the
additional attraction term as:
µattr = −12χφ . (2.3.14)
Analogue to the approach for athermal solvent conditions [72] we numerically solve
the SSA model for different χ. If χ > 0.5 the second virial in µBA + µattr becomes
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negative (entering the poor solvent regime) and a phase separation into a polymer
rich and a solvent rich phase occurs. The mapping of the chemical potential to
the monomer density is no more unique and the brush height can no longer be
determined by the normalization condition Eq. (2.3.7) and Eq. (2.3.8) since the
density at the outer edge of the brush remains finite (φ(h) > 0) [44]. In accordance
with previous studies [44, 66, 70] considering poor solvent conditions, we fix the
density at the interface φ(h) at the equilibrium concentration on the coexistence
curve of the two phases. This equilibrium concentration φ∗ can be obtained within





= 0 . (2.3.15)
The free energy of mixing in the present case reads:
Fmix =
4φ2 − 3φ3
(1− φ)2 + φ ln (1− φ)− 6χφ
2 . (2.3.16)
The first term in Eq. (2.3.16) is the well-known excess free energy due to Carnahan
Starling [73], the second term denotes the chain connectivity correction applied
in [72] and the last term represents the attractive contribution as defined in Eq.
(2.3.14). The equilibrium concentration φ∗ for this equation of state is then calcu-
lated from the condition:
3− φ∗2 = 6χ (1− φ∗)3 . (2.3.17)
In the integral equations Eq. (2.3.7) and Eq. (2.3.8) we fix φ(h) = φ∗ and in the
grafted layer we keep φ(z) > φ∗.
2.4 Conformational instabilities and
conformational transitions in
polymer brushes
Shortly after establishing the SSA approach for polymer brushes under varying
solvent conditions and applying different interaction terms, Eq. (2.2.9), Milner et.
al. [29] pointed out, that the approximation scheme urges an inherent contradiction:
In the original formulation of the mean field description (e. g. Eq. (2.3.1), ac-
counting for conformational fluctuations) the end distribution ge(z) is fixed in terms
of the potential V (z). If the self-consistent potential is known the problem is en-
tirely determined. In contrast, in SSA this functional relation ge(z) = f [V (z
′)] is
fully decoupled‡. As a result the potential profile is found to be a parabola (Gaus-
sian chain model), whereas the end distribution is different under varying solvent
conditions.
‡a consequence of the assumption in SSA that one single path (no conformational fluctuations)
governs the partition function
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It can be shown that also in the SSA ge(z) is indeed to be determined by
the potential, but the variations in V (z) required to shape ge(z) accordingly are
extremely small. The additional correction term is actually of O(N−1) [29]. And
since SSA is an approximation appropriate in the limiting case of N → ∞ this
term is neglected. Mutually, this finding reveals a remarkable property of chain
conformations in polymer brushes, constituted of sufficiently long chains:
The SSA potential (Eq. (2.3.3) or Eq. (2.3.12)) determines the end distribu-
tion in a brush to be readily undetermined. It leaves the end distribution (and
subsequently the chain conformation) of arbitrary form. Any slight variation
δV (z) ∼ O(N−1) has an enormous impact on ge(z).
In SSA ge(z) is fixed by the condition that it must be of such form to reproduce
the desired monomer density (e. g. swollen or dry) in the grafted layer Eq. (2.3.8).
Another special feature of chain conformations in polymer brushes can be iden-
tified from the fact, that chain ends are found over the whole brush height and
therefore: 〈∆ze〉 ∝ hbrush ∝ N . The chain end fluctuations are of the order the
chains contour length.
The delicate behavior of chains in a densely grafted polymer brush has been
recognized in the following years. With respect to the dynamical behavior of indi-
vidual brush chains e. g. Klushin et. al. [30, 75] draw the conclusion of anomalous
chain relaxation τ ∼ N3 confirming MD results [76].
A possible realization to study this phenomena of conformational instabilities
could be the analysis of the behavior of a minor fraction of chains, that differ in
some way from the majority chains in a densely grafted monodisperse polymer
brush. The SSA approach itself, where fluctuations are fully neglected, gives a first
hint of conformational instabilities present in dense brushes. But it is not suited
for a comprehensive analysis of the phenomena, since it can not provide any infor-
mation about the actual effect of certain modifications in the brush environment
on individual chain conformations. SSA only provides trivial solutions for chains
undergoing a conformational transition (whether fully collapsed or fully stretched).
It lacks of any information about the properties of these transitions and makes no
prediction about the behavior in dependence of any brush / system parameters. It
is necessary to apply alternative approaches.
A first approach for the description of conformational transitions in polymer
brushes has been considered by Skvortsov et. al. [31, 32]. The authors describe
the conformational transition of a single chain of different length N∗ [31] propos-
ing an analytical model, which assumes a Gaussian chain exposed to a parabolic
brush profile Eq. (2.3.9). Additionally, numerical SCF calculations based on the
Scheutjens-Fleer (lattice) approach were performed for comparison. It was shown
that for N∗ ≪ N , with N denoting the length of the majority brush chains, this
test chain adopts a ’coil’-like conformation (with the position of the end-monomer
〈z∗e〉 ∝ N∗1/2) and therefore being found deep inside the grafted layer. In con-
trast, for N∗ > N the conformation is predicted to be ’flower’-like, with the chain
end found always on top of the brush. The conformational transition itself is pre-
2.5. SUMMARY 19
sumed to be of an anomalous order exhibiting features of second and first order.
Additionally, a first-order adsorption transition [32] for long minority chains with
their monomers obeying a short-ranged attraction to the grafting surface could be
identified.
Merlitz et. al. performed MD simulations [33] by considering a single chain of
varying length N∗ in otherwise monodisperse polymer brushes with different graft-
ing densities and report a conformational transition for N∗ ≈ N . This transition
is more pronounced for strongly stretched brushes where the finite extensibility of
chains plays a role. Motivated by this finding another modification of individual
chains was considered in Ref. [34]: For a very low fraction of brush chains the
end-monomer was replaced by a different end-group, which varied in size and sol-
vent selectivity. If the end-group was chosen to be bigger as compared to common
chain monomers a marked switching effect of their position could be achieved upon
varying the solvent conditions.
From the special feature of the self-consistent potential with respect to the
chain end distribution [29] and the consequences for differing minority chains in a
polymer brush (e. g. [30, 31, 33, 34]) we draw the following conclusion:
The strong interactions a chain in a brush is exposed to cause a very sensitive
behavior of the chain conformations. A small modification of an individual chain
Figure 2.3: Sketch of polymer brush (gray)
with modified guest chains (black).
in the brush is sufficient to find
this ’guest’ chain in substantially
different states as compared to
the majority brush chains. Upon
slight changes in the environ-
ment (e. g. solvent selectivity)
the chain confirmations may be
controlled to switch from one
state to another.
The phenomena of modified
’guest’ chains in a brush has so
far been treated readily qualita-
tively from MD simulations [33,
34] or has been studied for the
case of differing in chain length
N∗ with restrictions to the Gaus-
sian chain model and assuming
subsequently a brush profile of parabolic form [31], which proves to be inadequate
at high grafting densities [59].
2.5 Summary
Owed to the self-similarity of long polymer chains in coiled conformations (regime
Rg ≪ Nb and N ≫ 1) the choice of the actual chain model is often of minor
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importance in polymer physics (universality with respect to the model). Coiled
conformations can only be expected for smooth inhomogeneities in the environment
the chains are exposed to. In densely grafted polymer brushes the conditions are
particular.
The impenetrable grafting surface forces the chains to adopt strongly stretched
conformations (Rg ∼ Nb). In the brush environment the density gradient encoun-
tered on the length scale of a single chain is very large. It drops from the value of
the high coverage at the grafting surface to zero at the outer edge of the brush§. The
predicted brush profile and the end-monomer distribution depend to an unusual
extent on the model that is applied (see Fig. (2.2)).
Also the behavior of an individual brush chain itself is highly sensitive to very
small variations of the profile. The conformation of a single chain is found in merely
critical conditions. Its size fluctuations are of the order of its own contour length
and slight changes (O(N−1)) in the environment or the chain itself impose a great
effect on the actual conformation.
This makes polymer brushes a promising candidate for the construction of func-
tional or smart surface coatings achieving a highly responsive mechanism.
To understand and control the conditions for the creation of brushes exhibiting
a marked surface switching property we want to study conformational transitions
of individual modified chains in densely grafted brushes in quantitative detail.
Therefore it is necessary to employ a method that includes fluctuations of individ-
ual configurations and accounts for finite extensibility of the chains. A description
that is able to reflect realistically the special conditions in polymer brushes (e. g.
finite stretching, solvent quality, accurate evaluation of the brush potential beyond
O(N−1), polymer-solvent and polymer-wall interphases) and to portray the effects
on individual chain conformations will necessarily invoke the development of nu-
merical or computer-based methods. On the other hand the parameter space to
be analyzed in a comprehensive analysis of the behavior of individually modified
chains is huge (involving a variation of chain lengths, grafting densities, solvent
conditions, type and strength of the modification of minority chains in comparison
to the majority brush chains). Consequently an appropriate method must be at
the same time also fast and efficient.
§clearly both phenomena are related: high density gradient→large forces→strong stretching
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Chapter 3
Quasi Off-Lattice Approach for
Dense Polymer Brushes
In the previous chapter several methods to describe polymer brushes and to study
the behavior of individual polymer chains in a brush have been presented. In spite
of the fact that these approaches predict the occurrence of conformational tran-
sitions in densely grafted polymer brushes all of these methods are, for different
reasons, not eligible to provide a comprehensive analysis of this phenomena. An-
alytical models (e. g. [31]) assuming a Gaussian chain in an external potential of
parabolic form are only solvable if additional restrictions are applied. These restric-
tions cause the model to miss an explicit description of the behavior right in the
vicinity of the point where the conformational transition of a modified chain from
the coil to the flower state occurs. Apart from this issue one must also doubt the
accuracy of a parabolic potential profile for densely grafted brushes, as we actually
deal with finite extensible polymer chains. The parabolic form of the potential is
only justified for infinitely stretchable chains.
Self-consistent field approaches (SCF) are capable to take into account the finite
stretching. The analytical or semi-analytical version of SCF theory, the SSA, only
provides trivial solutions, since it neglects fluctuations (see section 2.4). In contrast,
numerical SCF methods provide fluctuations. But most SCF models assume the
Gaussian chain model, which is not the best choice to be made in the case of
(dense) polymer brushes. The forces acting on the individual chains inside a brush
can become so large that overstretching is quite not avoidable for this model and
hence the results are not trustworthy.
The Scheutjens-Fleer method is a SCF approach for chains on a lattice and
it explicitly accounts for finite stretching of the chains. As the chains and espe-
cially their segments (or monomers) are only defined on the lattice, their shape,
size and connectivity are entirely determined by the lattice that is chosen. The
type of the lattice defines the stretching-force relation of the chains (changing λ1 in
Eq. (2.2.18)). As we want to study in the present work segments of different sizes
and / or shapes it is not clear how to treat them properly on the lattice and decide
what the interaction potential should look like. Another option to study the micro-
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scopic properties of polymer brushes are Molecular Dynamics simulations (MD),
which describe polymers via a bead and spring model of spherical segments, where
sizes and interactions of the segments can be directly modified. It is off-lattice,
takes into account the hard-core repulsion (no overlapping of segments) and the
short-range attraction (e. g. Lennard-Jones or Square-Well potential), and it gives
full information about static and dynamic properties in 3 dimensions. This makes
MD a very comprehensive approach to study conformational transitions in polymer
brushes. On the other hand, MD is computational intensive and a systematic anal-
ysis of the conformational transitions in dependence of all the external parameters
is very expensive.
We will develop a SCF method that provides the most fundamental properties
of densely grafted polymer brushes and at the same time allows for a reasonable
incorporation of modified segments to study their influence on individual chain con-
formations. In comparison to MD simulations it needs much less computational
effort and, hence, allows us to study the phenomena of conformational transitions
in a systematic way. This is a decisive advantage of the method as the parameter
space to be analyzed is very large. It includes the chain length of the brush chains,
the grafting density, the solvent quality and especially the modifications of indi-
vidual chains, which can differ in length and / or size and solvent selectivity of its
monomers.
3.1 A new SCF method for spherically shaped
polymer segments
In this section we want to present our method based on the freely-jointed chain
model of spherically shaped segments, additionally, we also want to allow the seg-
ments to be of different sizes and types. This new approach shall be formulated in
terms of a recurrence relation similar to Eq. (2.2.14) and Eq. (2.2.18). Our method
corresponds to a self-consistent field approach. Some remarks are to be noted in
advance.
The model is a 1D description of a polymer brush, where we only take into
account the height profile (z-coordinate) and in lateral directions (x, y) the brush
is assumed to be homogeneous. This is a very reasonable assumption for ho-
mopolymer brushes. Since we additionally want to incorporate modified segments
of different sizes one must note the following limitation of a 1D description. If these
’bulky’ segments (which may represent nanoparticles as well) become too large in
comparison to the other segments, one must expect the lateral homogeneity to be
disturbed and our approach to be no more valid. The maximum diameter Rmax
of the modified segments, where the approach becomes no more reliable is of the
order of:
Rmax ∼ b σ−1/2 . (3.1.1)
For the largest values of σ Eq. (2.1.5) considered in the following we will restrict
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our study throughout this work to NPs having at most a diameter of R = 4 b.
In principle, the SCF scheme we employed is a refined version of the well-
known Scheutjens-Fleer method that allows us to account for explicit shapes and
sizes of the interacting segments. In the original model by Scheutjens and Fleer a
’monomer’ is represented by an occupied lattice site restricting its shape and size to
that of the underlying lattice type. To consider arbitrarily shaped chain segments
the lattice is now discretized below the length of a ’monomer’, with Ds denoting
the number of sites of the ’sub-lattice’. With larger Ds we more and more approach
the continuous limit. This additional discretization clearly enhances the numerical
effort, but still the computations can be easily handled on a single common CPU.
Our discretization scheme is presented in the following.
The diameter of a (common) spherical ’monomer’ is set to unity, defining the
length scale. The diameter of any sphere of type i (any segment or nanoparticle
of another sort or size) in this length scale is denoted as λi. Assume the center of
some sphere of type i being located at position z, then the center of a sphere of type
j connected to the previous one can be located at the sites z′ = z + ds/Ds, with
|ds| ∈ [0, Ds(λi + λj)/2]. In Fig. (3.1) the possible positions of connected spheres
are sketched. The probabilities wi,j for the neighboring sphere j to be found at the
different Ds(λi + λj) + 1 sites around the sphere i are given by the relative angle
















d cos(z) . (3.1.2)














, for |ds| < Ds λi+λj2
. (3.1.3)
In the case that both neighboring spheres are of the same unit size (λi = λj = 1)





, for ds = ±Ds
1
2Ds
, for −Ds < ds < Ds
(3.1.4)
For a homopolymer system these probabilities in Eq. (3.1.4) are sufficient to know.
If we set Ds = 1 in Eq. (3.1.4) and thereby return to the original Scheutjens-Fleer




(2.2.18). We note that our quasi off-lattice approach for spherical chain segments
reduces to the hcp-lattice if we return to sites of the size of a ’monomer’. Our idea
in case that λi = λj = 1 and Ds = 2 is illustrated in Fig. (3.1).
In the most general case that some chain in the system consists of any number of
different types or sizes of segments the recurrence relation for the partition function
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Figure 3.1: Illustration of our discretization scheme for the case that Ds = 2 and
λi = λj = 1. Assuming some ’monomer’ is located with its center of mass in slice
z, then the next ’monomer’ connected to it can be with equal probability anywhere
at a distance of unity. The red lines denote the angle boundaries for the different
slices z + ds
Ds
. Here, the dark gray monomer would be located with its center at
z + 1
2
and the light gray one at z + 1.
GK(n, z0, z) of this chain of type K having its first segment located at z0 and the
(n + 1)− th segment at z reads:












with the initial condition GK(0, z0, z) = δz0,z. This relation Eq. (3.1.5) describes
the position of the centers of spheres of variable sizes that are connected to a chain
of type K (certain sequence of different segments). Here, Vn(z) denotes the mean
field potential acting on the sphere or segment n with its center of mass at site z.
This way we also allow for different interactions for certain types of segments.
In the case of a homopolymer chain of freely-jointed hard spheres this relation
Eq. (3.1.5) reduces to the recurrence relation for the partition function G(n, z′, z):











3.1. A NEW SCF METHOD 25
First, let us compare the force-extension relation for our model of spherical















Figure 3.2: Relative chain extension x
Nb
at applied stretching force fstr for different
chain models (freely-jointed corresponds to Eq. (3.1.7))
extension x/Nb versus the applied stretching force fstr for the Gaussian, a lattice
(simple cubic) and the freely-jointed chain model in comparison to our model for
different discretization schemes Ds. Already for a discretization with Ds = 4 the
chain requires a much stronger force to be stretched to the same relative extension
as compared to the lattice chain model (Scheutjens-Fleer approach). For Ds = 16
our model is almost indistinguishable from the analytical relation of the freely-










=: L(fstrb/kBT ) , (3.1.7)
where L(y) denotes the Langevin function. With Ds = 8 the stretching behavior
of a freely-jointed chain is approximated very accurately up to a relative extension
∼ 80%. In the case of a densely grafted brush we will have to deal with rather
strong stretching forces acting on the chains and hence have to carefully take into
account the behavior at high elongations. We note that at relative extensions
of ∼ 40%− 50% (corresponding to a force of about 1.5 kBT/b) the extension-force
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relation for a lattice chain still follows the linear slope of a Gaussian chain, whereas
a chain of spherical monomers already shows a significant non-linear behavior.
In a polymer brush the first segment (labeled with index n = 0) is grafted to
an impenetrable wall at z = 0 and the initial condition for the recurrence relation
Eq. (3.1.5) is given by:
GK (n = 0, z, z
′) = δz,λK0/2 δz′,λK0/2 . (3.1.8)
Here, for any K the λK0 shall denote the diameter of the first segment of a chain
of type K. Hence, all grafted segments are just touching the wall. We denote the
grafting position of the zero-th segment of chain type K as zK := λK0/2.
To assure that for a segment it is forbidden to enter the wall any partition
function in Eq. (3.1.5) or Eq. (3.1.6) is set to zero if this comes to happen. This
corresponds to the hard wall boundary condition. To model a short-range attraction
between polymer segments and the wall, one can introduce an additional chemical
potential experienced by segments in the close vicinity of the wall. We note that
Eq. (3.1.5) and Eq. (3.1.6) describe the partition functions for the positions of the
centers of the segments. The distribution to find any center of mass of some type







GK(n, zK , z)
∑
z′ GK(NK − n, z, z′)∑
z′ GK(NK , zK , z
′)
. (3.1.9)
Where NK denotes the length of chain type K and σK its grafting density (dimen-








the number of grafted chains of type K per surface area. Since in Eq.
(3.1.9) we describe a single chain (of type K) in mean field, it is necessary to ac-
count for the other grafted chains (of type K) in such a mean field approach via
multiplication with σK . The other prefactor, Ds, in Eq. (3.1.9) assures normal-
ization due to the discretization scheme. In the homopolymer case we have only
K = 1 and all segments n belong to type i = 1.
In order to set up a self-consistent description for a system of chains with
spherical segments we have to define the volume occupation density φi(z) and the
mean potential due to the surrounding spheres of type i. The volume occupation
density φi(z) does not correspond to γi(z) in Eq. (3.1.9) as it does in the Scheutjens-
Fleer approach. The reason is that we discretized below the size of a segment. φi(z)
is now determined by the spherical shape. This is illustrated in Fig. (3.3). We define
φis(ζ) being the volume occupied by a segment i in a lattice site ζ around its center
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Figure 3.3: Illustration of the segment volume occupation φis for the case that
Ds = 4 and λi = λj = 1. The differently gray shadowed areas represent the
corresponding spherical segments of particle i and j that interact with each other.















π, for |ζ | < λi
2
. (3.1.11)
The volume occupation of a single segment φis for Ds = 4 and λi = 1 is sketched
in Fig. (3.3). The sum over one sphere gives πλ3i /6 corresponding to the volume of
a sphere of diameter λi.
From the distributions γi(z) of the centers of the spheres of type i in Eq. (3.1.9)
one can obtain the resulting volume occupation density φi(z) for any type of seg-





φis(z − z′) γi(z′) . (3.1.12)
Within the SCF theory interactions between segments or particles are taken into
account via an effective potential resulting from the average occupation densities
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φi(z) of any type of segments i at some position z. There exist many mean field
potentials to describe the interactions between polymer chains of certain segments
and the choice we make for our approach will be explained in the next section.
Since in our model the segments are not point-like objects we can not neglect
the densities at neighboring lattice sites to which the actual segment extents to,
see Fig. (3.3). Therefore we define the effective potential for segments of type i in
the following way:
Vi(z) = µi ({ψi,j(z)}) , (3.1.13)
with the mean density ψi,j(z) of segments of type j over the volumetric extent of






φis(z − z′) φj(z′) . (3.1.14)
And µi ({ψi,j(z)}) denotes the equation of state (here: the chemical potential of
particles of type i), which will be discussed below. Averaging of the density ψi,j
in Eq. (3.1.14) is illustrated in Fig. (3.3). Again, in the homopolymer case Eq.
(3.1.12) to Eq. (3.1.14) are reduced via setting i = j = 1 and λi = λj = 1.
The above presented equations define our model for a mean field description of
freely-jointed chains of spherical segments of arbitrary size and type in one dimen-
sion. Analogue to the Scheutjens-Fleer method this model can also be extended to
2D or 3D. The computational effort then increases considerably and especially in 3
dimensions the benefits in computational efficiency as compared to MD simulations
are lost. But with the restriction made in Eq. (3.1.1) the 1D description represents
an adequate approximation to study the phenomena of conformational transitions
of individual chains in densely grafted polymer brushes.
The self-consistent closure is provided by Eq. (3.1.13) and Eq. (3.1.14), where a
properly chosen equation of state for the chemical potentials µi is to be used (as dis-
cussed below). The self-consistent brush profile is found via the multidimensional
Newton-Raphson technique using a difference approximation for the Jacobian ma-
trix as described e. g. in [55] (pp. 248). This iterative numerical method finds an
approximation to the roots of a system of nonlinear equations, here:
Vi(z)− µi ({ψi,j(z)}) = 0 ∀ i, z . (3.1.15)
Note, that the ψi,j(z) themselves are functions of Vi(z) (via Eq. (3.1.5), Eq. (3.1.9),
Eq. (3.1.12) and Eq. (3.1.14))
3.2 The equation of state
As noted above it is necessary to define the effective interactions between the
systems compartments. In contrast to other approaches (e. g. simulation methods)
the interactions in our mean field description are ’soft’ and overlapping between
’monomers’, solvent molecules and other particles (e. g. nanoparticles, bulky end- or
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side-groups) is not forbidden, but only energetically less favorable. All interactions
are described by the relation between density and effective chemical potential, µ(ψ)
in Eq. (3.1.13). We will see that especially in the case of polymer brushes, where
large density gradients are to be expected, the choice of the equation of state (EoS)
is very important. In the following we present some well known models for EoS
and compare them to each other.
3.2.1 Flory-Huggins
In polymer science the Flory-Huggins model (FH) [37, 77] represents the most
commonly used EoS. It is a mean field description of a binary mixture of two species
of polymer chains or, as in the present case, of polymers and solvent molecules on
a lattice. In the absence of any additional short-range attractions between the














Here, φ denotes the volume fraction of polymers, N the degree of polymerization,
kB is the Boltzmann factor and v0 the volume of a lattice site (or a ’monomer’).
For a simple cubic lattice we have v0 = b
3 (with b the length of a lattice site). N
is the total number of ’monomers’ in the system. Hence, the fraction V/v0 gives
the total number of lattice sites and V/v0−N counts the sites occupied by solvent
molecules. In accordance with common notation (e. g. [9]) we discuss the EoS as
a function of φ and note the replacement with the mean density Eq. (3.1.14) if we
apply the EoS in our method.










In the case of a polymer brush, where the chains are end-grafted to a surface, the
translational entropy for the polymers is absent. So, the first term in Eq. (3.2.2)
must be omitted:









The r.h.s. displays the virial expansion in powers of the volume fraction up to second
order. The FH equation is the commonly used EoS in lattice SCF calculations.
3.2.2 Carnahan-Starling
The Carnahan-Starling equation (CS) is an analytic approximation for the infinite
series encountered for the free energy of mixing of hard spheres [73]. In contrast
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to FH (lattice based), it results from a continuous description of a system of hard
spheres. The original CS equation (given in the appendix A.1 in Eq. (A.1.1))
describes a system of unconnected hard spheres of only one size. Here, we consider
chains of hard spheres that are end-grafted to an impenetrable surface. As already
noted below Eq. (3.2.1), due to the grafting condition, the translational entropy (the
contribution from ideal mixing) is absent. To account for the chain connectivity
the CS equation must be further modified.
In literature there exist various different approaches to describe the volumetric
interactions of chains of hard spheres based on the CS equation, e. g. [74,78–82]. In
appendix A.1 we discuss connectivity corrections in more detail. With increasing
volume occupation φ they differ considerably from each other. In Fig. (3.4) we
plot some of the equations that all aim to include connectivity into Eq. (A.1.3).


















Figure 3.4: Some osmotic equations of state, that take into account chain connec-
tivity. CS: original CS EoS due to [73] Eq. (A.1.3), DH: due to [79] Eq. (A.1.9),
BA: due to [72, 74] Eq. (A.1.3)+Eq. (A.1.4), WH: due to [78] Eq. (A.1.7). Chain
length N = 100
Eq. (A.1.3), which is reasonable: Two connected spheres occupy less free volume
in the system and therefore exert a reduced pressure in comparison to the case of
two free spheres. Expressions for the equations of state presented in Fig. (3.4) are
found in appendix A.1. We decided to choose the EoS labelled BA. It was first
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formulated in [74, 83] and has been applied in a semi-analytical SCF approach for
dense polymer brushes by Biesheuvel et. al. in [72].
In [72] the authors found very good agreement with MD simulations for the
density profiles and end-monomer distributions within the strong-stretching ap-




7φ− 7φ2 + 2φ3
(1− φ)3 + ln(1− φ)
}
, (3.2.4)









In case of a homopolymer system in athermal solvent conditions Eq. (3.2.4) provides
the self-consistency relation in Eq. (3.1.13), where φ in Eq. (3.2.4) is to be replaced
by the averaged ψ defined in Eq. (3.1.14) (with i = j = 1, homopolymer).
3.2.3 Comparison to Flory-Huggins
It is immediately clear that FH and CS describe two substantially different systems.
Nevertheless, it is remarkable how strong the two approaches already deviate from
















Figure 3.5: The different equations of state are deviating strongly from each other
µBA is 6 times as large as compared to µFH). The difference might, at first sight,
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be addressed to the rather simplified combinatorial approach in FH. But even if
one assumes the functional form of µFH to be correct, then modifying the same to
account for spherically shaped objects rather than for lattice sites, the differences
do not diminish. Let us introduce two adjustable parameters A and B in Eq. (3.2.2)
in the form:
µ′FH(r) = −A ln(1− Bφ(r)) (3.2.6)
In order to coincide with the Carnahan-Starling expansion to O(φ2) this requires
A = 4
3
and B = 9
2
.
The EoS according to Flory-Huggins Eq. (3.2.2), to Carnahan-Starling Eq.
(3.2.4) and the modified Flory-Huggins form Eq. (3.2.6) (for A = 4/3 and B = 9/2)
are plotted in Fig. (3.5). In all cases Flory-Huggins and Carnahan-Starling differ
strongly already at φ ≈ 0.15. At high grafting densities it is no longer sufficient
to describe the intermolecular interactions with only the second and third virial
coefficient.
3.2.4 The equation of state for a brush of heterogeneous
chains
In our generally formulated approach in section 3.1 we consider spheres of dif-
ferent sizes. The Carnahan-Starling formulation has been generalized to that
case [84,85]. This so-called Boublik-Mansoori-Carnahan-Starling-Leland (BMCSL)
EoS describes the volumetric and entropic interactions in a multi-component sys-
tem of hard spheres. We will only consider connected spheres that form segments
in grafted chains. As for the case of homogeneous chains the original equation has
to be modified accordingly. In addition we also consider different solvent selectivity
for different types of spheres. The interactions with solvent molecules are taken
into account implicitly via effective χi,j parameters between spheres of type i and
j. In appendix A.2 the derivation of the EoS we apply in our model is presented.































In the last term in Eq. (3.2.7), describing short range attractions for χi,j > 0, the
prefactor in Eq. (A.2.6) is chosen such that for χ = 0.5 the second virial in our µi
Eq. (3.2.7) in the homopolymer case (i, j = 1) becomes zero (see Eq. (3.2.5)) and
the leading order for volumetric interactions is of third order, consistent with the
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definition of the Θ-point. For χ > 0.5 the second virial becomes negative and we
enter the regime of poor solvent conditions.
Beside the quasi off-lattice connectivity between the segments Eq. (3.1.5) it is
also Eq. (3.2.7) that improves our new SCF method in comparison to lattice-based
approaches. It is based on the BMCSL EoS [84, 85] that now correctly takes into
account the interaction between spherical segments (or nanoparticles).
In the case of multi-component systems we frequently find various self-consistent
solutions for the same set of parameters. This is not suprising as in such complex
systems many different metastable states may coexist. In such cases one can com-
pare the free energy differences between these states to determine the equilibrium
state.
3.3 Properties of the new method
In this section we present some of the properties of our method for the simple case
of a homopolymer brush and show its differences to other SCF models. It has been
shown [86] that for homopolymer brushes our approach works very well.
In Figure 3.6 we compare the results for the brush profile (volume occupation
φ(z)) and the end-monomer distribution ge(z) of our method with the Gaussian
chain SCF approach and the Scheutjens-Fleer (or lattice chain) approach as de-
scribed in section 2.2. On the l.h.s. in Fig. (3.6) we applied the Flory-Huggins
equation of state Eq. (3.2.2) for Gaussian and for lattice chains. On the r.h.s. the
Carnahan-Starling equation of state Eq. (3.2.4) is applied, where additionally the
results for our approach of spherical monomers are shown. In both sides athermal
solvent conditions are considered (no short-range attractions, χ = 0).
For a grafting density of σ = 0.116 on the l.h.s. both chain models (Gaussian
and lattice) give the same results. Here, the Gaussian regime for the stretching-
force relation of lattice chains is valid. High grafting densities (σ = 0.463) have
to be applied to reach the non-Gaussian regime. For the lattice chain model it
is most common to make use of the lattice-based µFH Eq. (3.2.2). On the other
hand in order to reach brush heights of about x
Nb
=: r ≈ 80% relative extension
as reported in experiments [28] one would have to assume very high grafting den-
sities (σ ≈ 0.7). Here, in addition, the grafting density is not rescaled with the
volume occupation fraction for spheres (π
6
), what would impose even larger graft-
ing densities in comparison to the CS equation Eq. (3.2.4). Thus, using FH, one
underestimates the entropy restriction due to concentration effects and unphysical
high grafting densities are necessary to reach relative stretching ratios compara-
ble to that predicted by the usage of CS. We therefore conclude, that FH is an
insufficient model to describe brushes at moderate and high grafting densities.
For σ = 0.05 on the r.h.s. of Fig. (3.6) the results are in good agreement for
all chain models. Again, this is due to the validity of the Gaussian regime at such
low grafting densities. At σ = 0.14 the deviations between the models become
obvious. As expected from the extension-force relation (see Fig. (3.2)) Gaussian
























































Figure 3.6: Volume fraction φ and end-monomer distribution ge for different chain
models and equations of state (l.h.s.: Flory-Huggins, r.h.s.: Carnahan-Starling).
The solid lines correspond to our approach of spherical monomers using Ds = 16,
the dashed-dotted lines represent the lattice chain model (original Scheutjens-Fleer
approach) and the dotted lines show the results for a Gaussian chain.
chains and lattice chains still behave similar at moderate stretching, whereas the
profile for freely-jointed spherical monomers starts to become steeper compared
to the other two models. At high grafting densities σ = 0.321 the profiles for
each of the 3 models show clear differences for the prediction of the thickness of
the grafted layer. But even more important for our aim to study conformational
transitions of individual brush chains we note that the chain end distributions
are now incomparable. The spherical model predicts a localization of the end-
monomer at the top of the brush, while the Gaussian model would lead to a rather
homogeneous distribution over the whole brush height. Note, that for the Gaussian
model and the lattice chain model we rescaled the actual grafting density with a
factor of π
6
, such that σ = 0.321 does represent the case where in the first monolayer
a volume occupation of about 17% corresponds to grafted monomers. Already
at such moderate values of grafting densities the Gaussian chain model predicts
fully stretched chains. For higher grafting densities Gaussian chains would become
overstretched (Re/Nb > 1).
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Comparing the plots in Fig. (3.6) shows the problems of a SCF approach for
polymer brushes using the Flory-Huggins model: It is necessary to apply unrealisti-
cally high grafting densities to obtain brush profiles with relative chain extensions of
Re/Nb ≈ 0.8 as found in experiments [28] or MD simulations [45]. At such densities
there is almost no solvent left in the brush layer and the (athermal) brushes would
show no capacity to swell (σ = 0.7 l.h.s. in Fig. (3.6)). The Carnahan-Starling
equation leads to physically reasonable grafting densities for high stretching ratios
including large swelling capacities.
We note that the usage of CS on the other hand makes it necessary to also
use a chain model that accounts for the spherical shape of the monomers. Our
scheme offers a solution to this problem. With this quasi off-lattice model we
have the possibility to study chain-length and fluctuation effects for realistic brush
profiles and grafting densities. Additionally, it allows to correctly incorporate chain
segments of different sizes. Some specific properties of our method are presented
in the following.
In Fig. (3.7) we plot the density profiles and the end-monomer distributions at
three different χ values for σ = 0.1 (l.h.s.) and σ = 0.45 (r.h.s.) using our self-
consistent method for a monodisperse brush of homopolymers of length N = 64
using Ds = 16. Increasing χ enhances the short-range attractions between the
segments. At χ = 0 we have pure repulsive interactions and hence athermal solvent
conditions, as already presented in Fig. (3.6). At χ = 0.5 we defined our Θ-
point, as this is the value where the second virial in the free energy of mixing
becomes zero. The effect of additional short-range attraction is clearly visible at
lower grafting densities σ = 0.1, where we find an reduction of the brush height
of around 25% compared to the athermal case. At σ = 0.45 and χ = 0.5 the
effect is less pronounced. This is reasonable because at increasing densities the
higher virials become much more important and the influence of solvent quality is
reduced. At χ = 2.3 (poor solvent state) the height for low σ is reduced by almost
75% compared to athermal solvent. Here, the brush layer collapses into a compact
profile for both grafting densities and the volume occupation is almost constant
all over the grafted layer. Altough the grafting density on the r.h.s. in Fig. (3.7)
is more than four times larger this constant volume occupation is very similar for
σ = 0.1 (≈ 40%) and σ = 0.45 (≈ 43%). Comparing both brush heights at χ = 2.3
we find the height for σ = 0.45 around 4-times thicker than for σ = 0.1. Hence, we
are close to the dry brush scaling (Eq. (2.1.8) with ν = 1/3 → δ = 1), where the
brush height increases linearly with σ.
Another interesting feature in Fig. (3.7) is the observance of small oscillations or
kinks at the top of the brush for χ = 2.3. Aside the already mentioned oscillations
close to the grafting surface for high densities (see r.h.s. in Fig. (3.6) and Fig.
(3.7)) we also find such clustering or ordering of the spherical segments at very
poor solvent conditions at the brush surface. This effect is also present for the
end-monomer distributions in Fig. (3.7) where an additional small kink aside the
main peak for χ = 2.3 is visible.






















































Figure 3.7: The self-consistent densities and end-monomer distributions for dif-
ferent χ parameters corresponding to athermal, Θ and poor solvent conditions,
respectively. L.h.s. for σ = 0.1 and r.h.s. for σ = 0.45. On both sides: N = 64 and
Ds = 16.
At the bottom of Fig. (3.7) we plot the corresponding end-monomer distribu-
tions. With increasing χ-parameter (and also increasing grafting density σ) the
end-monomers become localized at the top of the brush. For σ = 0.45 and χ = 2.3
we almost find every end-monomer at the edge of the brush. This corresponds to
the picture that Alexander and de Gennes [42, 43] anticipated for the description
of a polymer brush.
In Fig. (3.8) we plot the distributions of the centers of the monomers close
to the grafting wall at 3 different grafting densities σ and discretization schemes
Ds. First of all, we see that the results for the different Ds are almost identical,
where with increasing discretization steps the resolution of the distribution profile
is increased. But the properties (e. g. position and height of oscillation peaks) are
essentially the same. This clearly shows the consistency of our method for different
Ds and indicates that indeed for Ds → ∞ we approach the continuous limit. On
the other hand, as already noted in section 3.1, if Ds is too small we return to the
Scheutjens-Fleer lattice SCF. Throughout this work we exclusively use Ds ≥ 8.
Another interesting feature from Fig. (3.8) is the behavior of γ(z) at different





















Figure 3.8: Distribution of centers of mass γ(z) for different σ = 0.1 , 0.4 , 0.8 at
discretization values Ds = 16 , 40 , 100.
grafting densities. At low to moderate densities (σ = 0.1) there are practically no
oscillations (except for the one slight gap around z = 1). The monomers at low
densities find enough space to build a homogeneous distribution. At high grafting
densities (σ = 0.4) a clear ordering of the spherical chain segments sets in. The
number and the positions of the oscillation peaks (around 1 per segment length)
indicates a structure where each chain in the brush tends to align its segment, with
one on the top of another (comparable to an ordering into a loose simple cubic
lattice). And when we have a look at the plots for very high densities (σ = 0.8) we
again observe a very distinct behavior for the oscillations of the distributions γ(z).
There we find a substantially different ordering of the spheres, with now around 2
pronounced peaks per segment length. The spheres now tend to stick in between
two other surrounding spheres taking advantage of the larger free volume at the
intersection of two neighboring spheres. This indicates that the ordering of the
segments has changed.
Additionally to the oscillation effects at high densities close to the grafting
surface we also find a cluster formation of the spherical segments close to the brush
surface at very poor solvent conditions (see Fig. (3.7)). In Fig. (3.9) we plot the
center of mass distribution of segments γ(z) for a brush with N = 64 at σ = 0.1
and χ = 2.3 for three discretization schemes. Again, we find no difference in the
distributions for changes in Ds beside the higher resolution at larger Ds. At such
large χ-values (or very poor solvent conditions) we not only find an ordering of
segments close to wall (due to the increased monomer density in the grafted layer),
but also at the top of the brush. At σ = 0.1 under athermal solvent conditions
there were no oscillations, neither at the grafting, nor at the brush surface.
Very poor solvent conditions force the brush to form a box-like profile, with a
















Figure 3.9: Distribution of centers of mass γ(z) for σ = 0.1 and χ = 2.3 at
discretization values Ds = 8 , 16 , 40. (N = 64)
very sharp and steep cut at the edge of the brush. This sharp interface between the
’brush phase’ and the ’solvent phase’ acts similar to an impenetrable wall to the
monomers and we find a similar short range ordering like for high densities close
to the grafting surface.
Such packing effects with ∼ 3− 5 pronounced maxima /minima (depending on
the actual overall density) in the density profile for a hard sphere fluid near a hard
impenetrable wall are well known [87,88] and our model tends to account for these
effects.
3.4 Comparison with other approaches
In this section we want to compare the predictions for density profiles and free end-
monomer distributions of our model for the case of a monodisperse homopolymer
brush in athermal solvent with the corresponding results from other approaches
using a freely-jointed chain model of spherical segments.
In Fig. (3.10) we compare the self-consistent profiles φ and end distributions
ge as obtained from our model to results of direct MD simulations [45]. The MD
simulations in [45] were performed for monodisperse homopolymer brushes using a
bead-spring-model with a non-linear finite extensible (FENE) spring potential in
implicit solvent. Brushes with chain lengths ofN = 64 andN = 128 were simulated
at dimensionless grafting densities between σ = 0.05 and σ = 0.463. Additionally,
results of the semi-analytical SSA approach by Biesheuvel et. al. [72] are displayed.
In Ref. [72] the CS EoS, Eq. (3.2.4), has been applied to the force-extension relation
of a freely-jointed continuous chain Eq. (3.1.7) using SSA [44,60].
Although the density profiles at low grafting densities (σ = 0.05, σ = 0.116)
are in good agreement with MD simulations there are discrepancies for the chain



























Figure 3.10: Density profiles (top) and end-monomer distributions (bottom). The
filled circles correspond to MD data [45], the solid lines correspond to our numerical
SCF model, the dashed lines to SSA by Biesheuvel et. al. [72] and the dashed-dotted
lines to lattice chains using CS EoS. We omit to plot the end distribution of lattice
chains to reduce confusion (they strongly deviate for high grafting densities). For
σ = 0.05, σ = 0.079 and σ = 0.314 the chain length is N = 128, whereas σ = 0.116
and σ = 0.463 correspond to N = 64.
end distributions. It should be noted that the original MD data were normalized
to give an integrated value of unity using a simple one-step integral discretization.
Nevertheless, the MD simulations suggest that chain ends are only rarely found
close to the grafting surface in comparison to the top of the brush, i.e. they are
stronger localized in MD simulations as compared to the SCF calculations. SSA
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predicts similar density profiles and end distributions as our numerical method,
but it misses the fluctuation, oscillation and depletion effects. In particular the
fluctuating tails in the chain end distributions (at the bottom of Fig. (3.10)) match
between MD and our SCF calculations very well but cannot be reproduced by SSA.
At high grafting densities (σ = 0.314, σ = 0.463) packing effects of the first
3-5 monomers close to the grafting surface leads to oscillating density profiles. The
MD simulation profiles were averaged over the size of a monomer. As compared to
our results MD simulations yield a more box-like profile. Beside these differences
the density profiles are in good agreement, whereas the end-monomer distributions
deviate more significantly. There might be several reasons for these discrepancies
in the chain end distributions. The fact that the end distributions are very sensitive
to slight changes in the potentials and/or chain model (see Fig. 3.6) is of particular
relevance. This sensitivity, on the other hand, gives rise to the observed surface
instability of densely grafted brushes as was reported previously [33] and will be
discussed in the following chapters.
In Fig. (3.10) the self-consistent profiles for lattice chains (Scheutjens-Fleer
approach) using the same CS EoS Eq. (3.2.4) as in our model are displayed for
comparison. At low grafting densities the lattice chain SCF can also predict similar
profiles comparable to the MD data, but for σ = 0.312 and σ = 0.463 we note
increasing discrepancies. The end distributions for lattice chains are not plotted in
Fig. (3.10) to reduce confusion. But we mention that they deviate strongly from
the other approaches, especially at high σ.
From Fig. (3.10) one notes that SSA [72] predicts quite identical density profiles
and for the chain end distributions our numerical SCF approach is also very close.
This is not suprising. In the limit of infinitely long chains, where only strongly
stretched ’averaged’ paths (as approximated in SSA, see 2.1) contribute to the
partition function and all fluctuations, depletion and packing effects (which are
on the length scale of a few segments) can be neglected. Both methods describe
freely-jointed chain molecules of spherical segments.
In Fig. (3.11) we plot the results from SSA and our numerical method for
different χ-values. The results for χ = 0, χ = 0.5 (Θ-solvent) and χ = 1.5 for
a grafting density of σ = 0.2 are displayed. Also for Θ-conditions and in the
poor solvent the density profiles are almost identical matching better the longer
the brush chains are. The sharp density drop at the interface for χ = 1.5 is
clearly observable in our model. The end distributions show discrepancies, but
from N = 64 to N = 256 the agreement with SSA is noticeable enhanced. For
χ ≥ 0.5 SSA predicts a diverging end distribution at the brush surface.
In Fig. (3.12) we present a comparison to DFT calculations by Egorov [48]
for the case of an athermal solvent [89]. We note that there are many similar-
ities between the DFT approach and our method. Both methods are based on
numerically solved mean field models, and both assume spherical segments as fun-
damental monomers, which are implemented via a real space discretization in one
dimension (z-coordinate). The main difference is that the DFT approach directly


























Figure 3.11: Comparing density profiles and end-monomer distributions for differ-
ent χ-parameters. With decreasing brush height the curves are for χ = 0, χ = 0.5
and χ = 1.5. (σ = 0.2)
minimizes the grand free energy functional for the brush system [48, 89], whereas
in our SCF method this free energy functional is only implicitly minimized via the
self-consistent closure. DFT derives its equation from a global description (energy
functionals) of the system and our approach comes from a microscopic description
of the individual segments (partition functions and transition probabilities) to build
up the system of investigation. Another, rather minor, difference between them is
the choice of the connectivity correction in the equation of state. In [48] the authors
use the thermodynamic perturbation theory (TPT) according to Wertheim [78].
In Fig. (3.4) we plotted this EoS according to TPT in comparison to the EoS we
use in our SCF scheme (BA) Eq. (3.2.4) for the case of homopolymers. Since TPT
suggests a larger correction term for the chain connectivity, it describes reduced
repulsive interactions among the connected spheres. These ’softer’ interactions lead
to less stretching of the brush chains at equivalent grafting densities for the DFT
approach. For a better comparison between SCF and DFT we additionally per-
formed our SCF calculations using the TPT connectivity corrections. The results
plotted in Fig. (3.12) (SCF with µTPT ). Upon using the same EoS the two meth-
ods almost predict the same density profiles and end distributions. In contrast
to SCF the DFT calculations predict much stronger oscillations at the grafting
surface. Already at low grafting densities (σ = 0.05) DFT predicts an ordering
of the spherical segments, whereas for SCF there are none (only some depletion
layer). For σ = 0.4 these oscillations in DFT become very pronounced. Also in the
bottom of Fig. (3.12) we see, that the DFT results produce a narrow peak for the
end-monomer distribution close to the grafting surface. Comparing with the direct
MD simulations, these features seem to be an artifact of the DFT method.



























SCF  with µBA
SCF  with µTPT
Figure 3.12: Density profiles (top) and end-monomer distributions (bottom) as
predicted by our method (SCF) and due to DFT [48]. We apply two different
chain connectivity corrections (due to [72, 74] (BA) and to [78] (TPT)). Grafting
densities are in ascending order: σ = 0.05, σ = 0.2 and σ = 0.4. (N = 128)
3.5 Summary
The properties of our method and the comparison to various other approaches
show that we have an adequate numerical model that describes (dense) polymer
brushes. In contrast to SSA (see Fig. (3.11)) it includes depletion, ordering and
fluctuation effects (see Fig. (3.7) to Fig. (3.9)) and is in good agreement with MD
data (see Fig. (3.10)). Its clear advantage with respect to direct simulations is the
requirement of much less computational effort. The best agreement is found with
the DFT method [48] for polymer brushes of spherical segments Fig. (3.12). The
usage of the BMCSL EoS in Eq. (A.2.1) for mixtures of spheres of different sizes
and the additional term to account for short-range attraction among certain types
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of spheres Eq. (A.2.6) gives us the possibility to describe the inclusion of modified
chain segments. The presented method with the restriction to Eq. (3.1.1) (due to
the one dimensional approach) can be regarded as an adequate approach to study
phenomena of conformational transitions of modified guest chains in dense polymer
brushes.
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Chapter 4
An Analytical Two-State Model
for Surface Instabilities
in Polymer Brushes
To study the conformational transitions in dense polymer brushes as mentioned in
section 2.4 we now present an analytical model. Our model is motivated by the
observance [31, 33, 34], that a modified guest chain is either found deep inside the
brush profile or it is fully stretched up to the brush surface. This behavior can also
be confirmed using our quasi off-lattice approach presented in the previous chapter.
In [31] Skvortsov et. al. developed an analytical approach to study conforma-
tional transitions of minority chains (or guest chains) that are of different length
N∗ inside a brush of majority chains of length N . In accordance with SSA [44,60]
for Gaussian chains a parabolic potential profile generated by the N chains has
been assumed. But further approximations in their approach to obtain an analyt-
ical solution make it impossible to study the behavior around the transition point
N∗ ≈ N . The analytical model presented here is capable to also describe the
conformational transition around the ’critical’ point. Additionally, we also present
other cases of modified guest chains that beside the different length may also carry
segments of different sizes and interaction strength.
The approach takes advantage of several simplifications and approximations.
As in [31] we assume Gaussian chain statistics. In order to account for finite
extensibility other chain models can also be used, but this would complicate the
mathematics considerably and explicit analytical expressions can not be obtained.
Furthermore, we assume the potential profile provided by the majority brush chains
as a step-like potential:
V (z) = V0Θ(h− z) . (4.0.1)
This corresponds to the picture of Alexander [42] and de Gennes [43]. Parameters h
and V0 are fixed in accordance with Eq. (2.1.8) and by an additional assumption to
be noted below. We note that the case of a Gaussian chain pinned near a stepwise
potential well has been already considered in Ref. [90]. However, in the present
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Figure 4.1: Sketch of the analytical model
case we want to relate this potential in a self-consistent way to the brush profile
generated by the majority chains as in [31].
Analogue to [31, 90] we also assume a ’two-state’ model for the behavior of a
single modified guest chain grafted at z = 0. Motivated by their shape we refer to
both conformational states as the ’coil’ state (c), where the whole chain is found
inside the potential and the ’flower’ state (f), where the chain stretches to the edge
of the step-potential with a cilia in the region z > h, see Fig. 4.1. The overall
partition function Z∗ of the guest chain is given by:
Z∗(ze, z0 = 0) = Z
∗
c (ze, z0 = 0)Θ(h− z) + Z∗f (ze, z0 = 0)Θ(z − h) (4.0.2)
In the ’coil’ state the chain configuration is not affected by the sudden potential
drop at z = h. Due to the entire flat shape (V = V0 = const.) the chain behaves
like a free chain grafted to an impenetrable surface and all segments experience the
potential. In contrast, a chain in the ’flower’ state is strongly stretched but only a
fraction λ of its segments are exposed to the potential. This interplay between the
two states shall describe the transition. We further have to specify h, V0 and λ.
Since it must be the modifications of the guest chains in comparison to the ma-
jority brush chains that bias the chain configurations to prefer one of the two states
we will use this fact in the following to determine the yet undefined parameters in
the model. If a modification shifts the partition function Z∗ in Eq. (4.0.2) either
towards Z∗c or Z
∗
f a guest chain without modifications (being just another identical
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brush chain) must balance between these two states and we have:
∫ h
0
dze Zc(ze, z0 = 0) =
∫ ∞
h
dze Zf(ze, z0 = 0) . (4.0.3)
The partition functions Zc and Zf describe a common brush chain of length N .
For such a chain in the ’coil’ state we have:
Zc(ze, z0 = 0) = e
−V0N Z0(N, ze) , (4.0.4)
with Z0 being the partition function for a free Gaussian chain of length N having
one end fixed at the impenetrable surface at z = 0 and the other end at some







The prefactor e−V0N in Eq. (4.0.4) (we set kBT = 1) takes into account that all
monomers are below the potential well (or inside the brush profile). The parameter
a determines the strength of the Gaussian elasticity and all length scales in our
description are in units of the size of a monomer.
In the ’flower’ state we assume a chain part of length λN stretching all through
the potential with monomer N ′ = λN to lie right at the edge of the step-like profile
(z = h). The remaining (1−λ)N monomers form a free chain with one end grafted
to z = h. In accordance with our assumption this remaining chain part is not
allowed to reenter the region z < h. It is hence grafted to an impenetrable surface
formed by the brush surface. The partition function for this cilia is then analogue
to Z0 in Eq. (4.0.5) with the replacements ze → ze − h and N → (1 − λ)N , and
the ’flower’ state is described as the product of two chain parts:
Zf(ze, z0 = 0) = Z1(λN, z
′ = h, z0 = 0)× Z0((1− λ)N, ze − h) . (4.0.6)
Z1 is the partition function for the chain fraction λN stretching through the po-
tential. Using Eq. (4.0.4) with z0 → 0, ze = h and N → λN we have:







Let us consider the cumulated partition function Zˆf with the free end in the ’flower’
state to be anywhere in [h,∞). Since we have used normalized Gaussian chain
statistics (1 =
∫
dz Z0(N, z)) in the formulation above, we have:
Zˆf(λN) = Z1(λN, h, z0 = 0) . (4.0.8)
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For given h, N and V0 the equilibrium ’flower’ configuration will be the one with






















The approximation on the r. h. s. in Eq. (4.0.10) corresponds to the minimum free
energy of the ’flower’ state if we neglect the logarithmic contribution in Eq. (4.0.9).









The equation above can be identified as a self-consistency condition in our ana-
lytical model. It provides a relation between V0 and h such that in the two-state
description the brush potential is in accordance with the fact that modifications in
a chain must drive the transition between ’coil’ and ’flower’ state. Both sides in





Finally, we use Eq. (2.1.8) from the Alexander-de Gennes model:
h
N
∝ σδ , (4.0.13)
with δ = (1−ν)/(2ν) (ν is the Flory exponent). The non-universal prefactor in Eq.
(4.0.13) is set to fit our numerical data. This defines the potential in Eq. (4.0.1).
The partition functions Z∗c and Z
∗
f for the two states of a modified guest chain
are analogue to Eq. (4.0.4) and Eq. (4.0.6) with corresponding additional changes.
Since we always have h ∝ N the approximation on the r. h. s. in Eq. (4.0.10) and
in Eq. (4.0.12) are justified.
To investigate the properties of conformational transitions in polymer brushes
we study the behavior of the end-segment of the modified chain. Its average height







∗(z∗e , z0 = 0)∫∞
0
dz∗e Z
∗(z∗e , z0 = 0)
, (4.0.14)
and for the fluctuations of the end-monomer 〈∆z∗e 2〉 we use:
〈∆z∗e 2〉 = 〈z∗e 2〉 − 〈z∗e〉2 . (4.0.15)
The average position 〈z∗e〉 and the mean square fluctuations 〈∆z∗e 2〉 are functions
of the majority chain length N , the grafting density σ and, due to the exponent δ
in Eq. (4.0.13), of the solvent quality, too. Additionally, they evidently depend on
the modifications made in the chain.
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For any modified guest chains the analytical approach essentially follows the
same scheme. The majority brush chains generate a step-like profile Eq. (4.0.1)
with the properties Eq. (4.0.12) and Eq. (4.0.13) in which one considers a single
’probe’ chain. For this chain it is assumed that it can only adopt two configurations
(’coil’ state or ’flower’ state), exclusively. Writing down the partition functions for
the two states, where for the ’flower’ state one always has to obtain the optimum
stem length λ∗0 (analogue to Eq. (4.0.9)), the total partition function is defined
as the sum of both configurations and we obtain, for example, a function for the
behavior of the average height position of the end-segment. The predictions of this
model, e. g. the properties of the transition in dependence of brush parameters or
the strengths of the modifications in the guest chain, can then be tested by the
results of our numerical SCF model.
4.1 A guest chain of different length
We start presenting the predictions of the analytical approach for an individual
chain of length N∗ in a homopolymer brush with chains of length N .
The partition function of the ’coil’ state reads:
Z∗c (z
∗
e , z0 = 0) = e
−V0N∗ Z0(N
∗, z∗e) , (4.1.1)
with Z0 from Eq. (4.0.5) and the potential strength V0 from Eq. (4.0.12) and Eq.
(4.0.13).
In the ’flower’ state we assume a chain part of length λ∗N∗ stretching through
the potential well with monomer N ′ = λ∗N∗ to lie right at the edge of the step-
profile (z = h):
Z∗f (z
∗
e , z0 = 0) = Z1(λ
∗N∗, z′ = h, z0 = 0)× Z0((1− λ∗)N∗, z∗e − h) . (4.1.2)











Using λ∗0 in Eq. (4.1.2) and together with Eq. (4.1.1) the total partition function
Z∗ in Eq. (4.0.2) reads:





























Θ(z − h) . (4.1.4)
Regarding h ∝ N (with N ≫ 1) we obtain the following approximation for Eq.













































Apparently, the transition from the ’coil’ state to the ’flower’ state is essentially
driven by the values of the exponents appearing in the nominator in Eq. (4.1.5).
Both exponents become equal if N∗ = N reflecting the self-consistent choice for
the potential Eq. (4.0.12). Neglecting terms of O(e− h2aN ) and rewriting Eq. (4.1.5)
one arrives at the following expression for the reduced end-monomer position of a





































is given in Eq. (4.0.13). The numerical prefactor of O(1) depends
on the explicit form of the equation of state. Denoting the difference in the chain
length as





∝ σ2δ , (4.1.8)
we can further simplify to the following equation (assuming additionally that N∗ ≈








































For N∗ ≃ N we see from Eq. (4.1.10) that the second term in the nominator dom-
inates and hence 〈∆z∗e 2〉 ∝ N2. In contrast, for N∗ < N the first term dominates
and for N∗ > N the third one in Eq. (4.1.10). In these cases we have 〈∆z∗e 2〉 ∝ N .
Eq. (4.1.9) indeed describes a transition with respect to x, the chain length
difference, as the critical parameter that drives the transition around xc = 0.
Parameter y controls the strength of the transition. The larger y, the sharper the
conformational transition occurs. This is illustrated in Fig. (4.2).


















Figure 4.2: Illustration of Eq. (4.1.6) in terms of the critical parameter x for dif-
ferent values of y. (N = 64 and a = 1).
4.2 Chain with modified end-group
Here, we describe the case that the guest chain carries a different end-monomer
or a nanoparticle. The first (N − 1) monomers are identical to the majority chain
segments and the last monomer is of different size and obeys additionally a dif-
ferent interaction potential. Analogue to the SCF scheme explained in chapter 3
we also assume in the analytical approach that these interactions are of a mean
field fashion. The end-group obeys a different interaction potential with respect to
the solvent molecules which is effectively mediated via the other monomers (χ pa-
rameter coupling to φ, the monomer volume fraction). This definition corresponds
to Eq. (A.2.6). We assumed a step-like potential generated by the majority brush
chains and hence φ ∝ V0. In such a picture the ’coil’ state reads:
Z∗c (z
∗




Again, we use Z0 from Eq. (4.0.5) and the potential strength V0 from Eq. (4.0.12)
and Eq. (4.0.13). Parameter χ denotes the difference in interaction for the end-
group in comparison to that for the common monomers. And d is the diameter
of the end-group (in the length of a monomer). In accordance with the mean
field description the potential is proportional to the volume of a segment. Since
each monomer (which is of unit diameter) experiences the potential strength V0, a
segment of different size d ≶ 1 feels the strength d3 V0. We note that for χ = 0 and
d = 1 (identical guest chain) one recovers Eq. (4.0.4).
The ’flower’ state Z∗f in the present case is identical to Eq. (4.0.6) because
the guest chain is of same length N and the dangling cilia on top of the brush
is not affected by the presence of the end-group. (The change in the interaction
with respect to solvent molecules is indicated by the presence of monomers (χ
parameter) and for z > h there are none of them.) The total partition function
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Eq. (4.0.2) for the guest chain becomes:






























Θ(z − h) . (4.2.2)
























The parameters driving the conformational transition of an end-modified chain are














As in the previous section the sharpness of the transition is increased by growing
y, resp. σ, in Eq. (4.1.8). Equivalently, the critical parameter χcrit increases with
the grafting density. In contrast, for bulky end-groups (d > 1) their size has only
a minor influence on χcrit. On the other hand an increasing size of the end-group
sharpens the transition. The Boltzmann weights in Eq. (4.2.2) for the correspond-
ing ’coil’ and the ’flower’ state are switching more rapidly upon changing χ at
larger d.
4.3 Mixed brush chains: A chain of
differently interacting monomers
Another way for modifications in the guest chain is the idea that all monomers of the
guest chain experience another interaction potential. This corresponds to a mixed
brush, where hydrophilic and hydrophobic chains form the grafted layer together.
We assume hydrophobic chains to constitute the majority of the brush chains and
treat the low fraction of hydrophilic chains as the guest chains. The different
solvent selectivity in the interaction potential shall again be modelled via the χ
parameter as explained in the previous section (in the form of Eq. (A.2.6)). Due to
their different properties all N∗ monomers feel a shifted potential in comparison to
the majority brush chains (∆χ = χ∗ − χ). Additionally, we allow the hydrophilic
guest chains to be of different length N∗.
The ’coil’ state reads:
Z∗c (z
∗
e , z0 = 0) = e
−V0N∗+∆χN∗ Z0(N
∗, z∗e) . (4.3.1)
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Analogue to the definition Eq. (A.2.6) the hydrophilic guest chains experience an
increasing solvent quality (towards good solvent conditions) and this condition
requires χ∗ < χ. Hence, the hydrophilic property in comparison to the majority
chains is described by negative ∆χ values in Eq. (4.3.1).
The contribution from the ’stem’ Z∗1 Eq. (4.0.7) in the ’flower’ state becomes:
Z∗1(λ







The equilibrium value of λ∗ is again calculated via minimizing the free energy of












Putting all together into Eq. (4.1.4) we obtain for the average height position of























The condition for the modified chain changing its conformation from ’coil’ to









Assuming a hydrophilic guest chain (∆χ ≤ 0) the transition occurs for N∗ ≤ N .
4.4 Properties of the model
As already mentioned in the beginning of this chapter the presented approach is
similar to the model proposed by Skvortsov et. al. in [90]. In their work the authors
define the relative fraction ϕ of monomers located respectively outside and inside
the potential as the order parameter to describe the conformational transition. In
this work the average height position of the end-segment is identified as the order
parameter. Since in the present work we especially have been interested in the
location of this end-segment, being either exposed to the surrounding media (on
top of the brush surface) or hidden inside the grafted layer our definition is well
adopted to the problem. Nevertheless, it is reasonable, that if some fraction of
monomers is found outside the potential, then the end-segment must be among
them. The order parameter choice ϕ in [90] is directly related to our definition of
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To each value ϕ ∈ [−1,+1] the corresponding free energy is calculated to obtain
the free energy landscape in dependence of external parameters (analogue to V0,
h and N resp. N∗ here) and thus define a Landau function Φ[ϕ] to analyze the
phase transition. In our approach we fix λ = λ0 at the minimum free energy and
analyze the behavior of the average height 〈ze〉 of the end-segment. Indeed, in [90]
for N ≫ 1 the transition point (binodal condition) is identified with the corre-
sponding ϕmin inserting our λ0 into Eq. (4.4.1) and our self-consistent condition
Eq. (4.0.12) is identical to the binodal line [90] (their Eq. (19b) with N ≫ 1).
Beside the difference in the description of the phenomena (in terms of Landau free
energy functions there and using corresponding partition functions to calculate
statistical averages here) and the definition of the order parameter we additionally
related the step-like potential to typical brush parameters (as known e. g. from the
Alexander-de Gennes picture) and characterized the conformational transitions by
changing certain properties of the ’probe’ chain (modified guest chain). In con-
trast, Skvortsov et. al. analyze the behavior of the conformations upon changing
the external parameters (like h and V0). Nevertheless, we can draw some useful
information from their results:
The ’coil’ to ’flower’ transition in the vicinity of a step-like potential is identified
as a first order phase transition, involving the coexistence of metastable states. The
region beyond the spinodal lines, where only one state is found to have a free energy
minimum, is very small and in our case with V0 = const. (e. g. independent of N)
and h ∝ N it is practically absent. As noted in [90] this is very characteristic
for the system, where a wide range of the phase space displaying metastability.
Furthermore, the free energy barrier ∆Fc→f to change from the ’coil’ to the ’flower’




≫ 1 . (4.4.2)
For a densely grafted layer this barrier becomes of the order NkBT . Hence, even if
the ’coil’ conformation is found in its metastable state (being not the equilibrium)
this configuration will have a long lifetime [90]. Around the binodal approximately
the same barrier is to overcome to change from ’flower’ to ’coil’ conformations.
The great range of metastability with coexisting quasi-stable ’coil’ and ’flower’
states would make conformational transitions of modified guest chains in polymer
brushes a very interesting consideration for the realization of smart surfaces. We






We start to study conformational transitions for the case of a homopolymer brush.
All chains, the majority brush chains as well as the guest chains, are of the same
kind. The only difference between them is the chain length. Having two differ-
ent chain lengths in one brush is denoted a bidisperse brush and for comparable
fractions of chains of length N and N∗ they are studied, e. g., in [64, 71]. For the
Figure 5.1: Brush of majority chains of length N and individual chains of modified
length N∗ ≶ N
case of an individual guest chain of different length N∗ surface instabilities and
conformational transitions in densely grafted polymer brushes were first noted and
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identified by Skvortsov et. al. [31].
In [33] Merlitz et. al. performed MD simulations (bead-spring model) for poly-
mer brushes. In a monodisperse homopolymer brush under athermal solvent con-
ditions the authors consider one chain of different length. The situation is sketched
in Fig. (5.1). It was found that the chain end of this guest chain of length N∗ is
sharply located on top of the brush if N∗ > N , but it is collapsed inside the brush
if N∗ < N . This effect is strongly enhanced as the grafting density σ of the brush
is increased.
We want to investigate the effect of conformational transitions within our nu-
merical approach. We also consider selective solvent conditions by varying the χ-
parameter in the attractive contribution to the free energy of mixing Eq. (A.2.6).
We then analyze the behavior of a single chain of various lengths N∗ in the numer-
ically obtained self-consistent potential of a monodisperse brush of chain length
N .
A first result for χ = 0 (athermal solvent) is plotted in Fig. (5.2). Here, we
compare the average end-monomer position of the modified chain of length N∗
inside a brush of chains of length N = 64 and a grafting density σ = 0.463 as
obtained by MD simulation and using the SCF method. For our model of spherical


















Figure 5.2: Comparing average height position of the last monomer of a modified
chain of N∗ monomers in a brush of majority chains with N = 64 monomers and
σ = 0.463 (b is bondlength in corresponding model).
We note a ’sudden’ jump in the average height position between the end of a
chain of N∗ = 63 and N∗ = 65 monomers in our SCF model as well as in the MD
simulation results. For comparison the average height position of the end-monomer
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for a lattice chain using Flory-Huggins EoS at the same grafting density is plotted
in Fig. (5.2). Apparently, the results of the SCF method presented in chapter 2
are very close to MD simulations while the lattice model predicts a much weaker
dependence on N∗. The sharp jump in the position of the end-monomer occurs
when varying the chain length within the narrow interval between N∗ = 63 and
N∗ = 65 monomers. The jump in the average height position is about ∼ 23.2 b
for our SCF model and about ∼ 24 b for the MD simulations. Here, b denotes the
bond-length between two monomers in the corresponding approaches. In contrast,
jump height and width are remarkably less pronounced for the lattice model. This
again shows that the model for spherical monomers and applying the Carnahan-
Starling EoS is important when comparing to MD simulations. Within SSA such
an analysis would be impossible (see section 2.4).
The jump in the vertical position of the end-monomer of a chain of length
N∗ in a brush of majority chains of length N is also predicted by SSA. However,
this approximation only provides a trivial solution for the behavior of the end-
monomer: Independent of all the other brush parameters, such as grafting density
σ, the length N of the majority chains or solvent conditions, the only solution for
the position of the end-monomer of a chain of any length N∗ < N is 〈z∗e〉 = 0.
For a chain of any length N∗ > N one always obtains 〈z∗e〉 = h, with h denoting
the brush height formed by the majority of chains. This is not in accordance with
MD simulations where the conformational transitions of minority chains depend on
brush parameters and display a smooth crossover. Except for the caseN∗ = N = 64
our results give systematically larger average height positions in comparison to the
MD simulations.
We note that direct MD simulations are far more time consuming as compared
to the SCF scheme, in which also far longer chain lengths can be considered. Given
the very close agreement between the two methods as observed in Fig. (5.2), the
SCF method can be regarded to be of quantitative accuracy when it comes to the
description and analysis of the surface instabilities.
5.1 Athermal solvent conditions
We consider in more detail the above given example of minority chains of length
N∗ for different grafting densities σ in a brush formed by chains of lengths N in
an athermal solvent using our SCF model for χ = 0. In Fig. (5.3) we display
the height distribution g∗e(z) of the end-monomer of a N
∗ in a brush of chains of
length N = 64 (upper plots) and of length N = 256 (lower plots). On the l.h.s.
the grafting density is σ = 0.1, and on the right the distributions are presented for
σ = 0.45. We note that the conformational transitions only weakly depend on N .
The form of g∗e(z) has not changed, comparing the upper and lower graphs in Fig.
(5.3).
The transition is driven by the chain length difference N∗ − N and with in-
creasing σ it becomes increasingly sharper. For σ = 0.1 the end-monomer of a


































































Figure 5.3: End-monomer distribution g∗e(z) of a N
∗-chain in a brush with N = 64
(top) and N = 256 (bottom) for different grafting densities σ = 0.1 (left) and
σ = 0.45 (right). Also shown is the corresponding brush profile (thick line)
N∗ = 65 (resp. N∗ = 257) chain is clearly found further to the top of the brush as
compared to a N∗ = 62 (resp. N∗ = 254) chain, but this transition is very smooth
and both chain ends (of the short as well as the long chain) can be found all over
the grafted layer. The shorter chain is not localized inside the brush profile, neither
is the longer chain stretching completely to the outer edge of the brush (for better
comparison the brush profile is plotted with a thick line). For σ = 0.45 in Fig. (5.3)
the situation is very different. The end-monomer of the N∗ = 257 (resp. N∗ = 65)
chain is strongly localized on the top layer of the brush. Also the shorter chain
(N∗ = 254, resp. N∗ = 62) shows an increased localization deep inside the brush
profile. The probability to find the end of the short chain at the outer edge of the
brush is vanishing. The conformational transition at high grafting densities occurs
within a much shorter interval of chain length differences and is significantly more
pronounced.
The universal behavior of the conformational transition (as indicated by the
g∗e(z) in Fig. (5.3)) with respect to N
∗−N and z/N is illustrated in Fig. (5.4). On
the left we display the rescaled average height position 〈z∗e〉/N of the end-monomer
of a chain with varying lengths differences N∗ − N for low (σ = 0.05), moderate
(σ = 0.2) and high (σ = 0.45) grafting densities. We display the case N = 64 (open






































Figure 5.4: Left: Average height position 〈z∗e〉 of the end-monomer of a N∗-chain
in a brush with N = 64 (open symbols) and N = 256 (filled symbols) for different
grafting densities σ. Right: Corresponding relative changes in the height height
position
symbols) and N = 256 (filled symbols). In the ’flower’ state, N∗ > N , the ends
in a brush with N = 64 are slightly, but systematically, found at larger relative
height positions. This is due to the fact, that shorter chains require smaller forces
to be stretched to the same relative extension with respect to their contour length.
On the right in Fig. (5.4) we present the corresponding relative changes in the
end-monomers height position upon adding one single monomer: ∆〈z∗e〉/∆N∗/N .
This quantity represents an useful measure to determine the sharpness or strength
of the conformational transition in dependence of the brush parameters. Appar-
ently this strength does not depend on the majority chain length N , but displays
a crucial dependency on σ. At low grafting densities (σ = 0.05) the position of the
end-monomer is increasing only very smoothly and we find the maximum change in
height position for N∗ = N . In contrast, for σ = 0.45, a marked transition within
the range of about ∆N∗ ≈ 4 can be identified. The maximum change in height
position passes to N∗ = N − 1 at increasing grafting densities. For N = 128 and
N = 512 we obtain very similar results (not presented). It has been shown [89],
that these results are also in excellent quantitative agreement with analogue DFT
calculations [48].
Another observation can be drawn from Fig. (5.3). From the iteration scheme,
e. g. Eq. (3.1.6), within the SCF approach we successively calculate the partition
function for a single chain in the brush. The same procedure is also applied to
obtain the monomer distributions of the N∗-chain. From statistical mechanics it
is known, that the free energy of a chain (of length N) is calculated as:








+ F0 , (5.1.1)
where Z(N, ~r1, ~r2) denotes the partition function for a chain with one chain end at
~r1 and the other at ~r2. Within our model in 1-dimension this partition function is
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given by G(N, z, z′). For the free end-monomer distribution of a grafted chain of
length N∗ we have:
G(N∗, z, z0 = 1/2) ∝ g∗e(z) , (5.1.2)
This leads to the direct relation between this end-monomer distribution g∗e and the
free energy of a N∗-chain:






+ F ′0 . (5.1.3)
Since we normalized the distribution in accordance with Eq. (2.3.5), relation Eq.
(5.1.3) for the total free energy gives only a trivial result. But if we would interpret
the position of the free chain end z∗e as the order parameter, that describes the
conformational transition which is driven by the critical parameter N∗, then we
can obtain some useful information from the form of g∗e(z). Let us fix the free end
in some interval [z, z + δz], then the integration of g∗e(z) over that interval gives a
measure for the free energy of the ’system’ (as described by the order parameter
z∗e ) to be in state z
∗
e ∈ [z, z+ δz]. Clearly, the lowest free energy (corresponding to
the equilibrium state) is found at the maximum value of g∗e(z).
From Fig. (5.5) we can follow how a change in the critical parameter N∗ changes
the free energy ’landscape’. For σ = 0.45 at N∗ = 257 we would identify the chain
to be in the state characterized by the order parameter z∗e ≈ 200 (minimum in FN∗).
Since N∗ can only take natural numbers as argument there is a stepwise change of
the free energy landscape. Using the generalized Carnahan-Starling equation for
mixtures of spheres of different sizes Eq. (A.2.1) we can consider the last monomer
in the N∗ chain to be growing from a point-like objects (having effectively N∗ − 1
monomers) to the size of a regular segment (N∗-chain). On the right in Fig. (5.5) we






























Figure 5.5: The change in the free energy landscape upon varying N∗. On the right
the next monomer grows in intermediate steps (see text). (N = 256, σ = 0.45)
N∗ = 255 to length N∗ = 256. Most important, we note that there is never a second
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local minimum appearing and we can conclude that the conformational transition
in homopolymer brushes does not represent a first order phase transition. That the
order parameter z∗e (or likewise 〈z∗e〉) changes discontinuously is the consequence of
discontinuous chain growth (N∗ → N∗ + 1).
In chapter 4 we presented an analytical model for guest chains of varying length
N∗ in a monodisperse brush. This model assumed a step-like brush potential and
in accordance with [90] it predicts a first order ’coil’-to-’flower’ transition, with
coexisting metastable states. Profiles generated by majority brush chains including
finite extensibility provide an increasing box-like form [59] (see also Fig. (3.6)). But
within our SCF method no first order transition can be identified. Nevertheless,
we will see below that it provides useful information to rationalize the properties
of the transition.
A further insight to the properties of the conformational transition gives the
variance 〈∆z∗e〉 in the height position of the free end-monomer of the N∗ chain.
This variance is defined as:
〈∆z∗e〉 =
√
〈z∗e〉2 − 〈z∗e 2〉 . (5.1.4)
On the left in Fig. (5.6) we compare 〈∆z∗e〉 in a brush of majority chains of length


































Figure 5.6: Left: Variance of the height position 〈∆z∗e〉 of a N∗-chain end in a
brush with chains of length N = 128 for spherical monomers. Right: Comparing
〈∆z∗e〉 for σ = 0.463 and N = 64 for different SCF chain models. The vertical lines
indicate the breakdown of universality as N → N∗
the variance to be independent of the grafting density for chains N∗ < N . Up to the
vertical line in Fig. (5.6) the data points fall onto each other. The grafting density
does not influence the behavior of shorter chains that are found deep inside the
brush profile. This universal behavior of shorter chains is not only identified with
respect to σ, but also for different chain models (see r.h.s. in Fig. (5.6)). Not the
grafting density nor the chain model and neither the interactions (we applied Flory-
Huggins EoS Eq. (3.2.2) for lattice chains and the linear relation µ = φ, first virial,
62 CHAPTER 5. HOMOPOLYMER BRUSHES
for Gaussian chains) are of any influence (see also Fig. (5.2) for N∗ < N). The
behavior of minority chains that are shorter than the majority brush chains obeys a
great universality with respect to any parameters. This universality with respect to
chain models can be understood by the fact that short chains remain in the linear
Gaussian stretching-force regime (see Fig. (3.2)). The independence on the chosen
EoS and σ can be addressed to the fact that short chains are not affected by the
vanishing profile on the top of the brush. They experience a gradually decreasing
potential. This observance for the short chain behavior has been used to develop
an analogue analytical approach to this phenomena in [31] and has equivalently
motivated our two-state model in chapter 4.
In the limit N∗ → N the curves for different σ split. With increasing σ also
〈∆z∗e 〉 increases. The maximum value scales approximately with σ1/3 ∼ h. The
chain end for N∗ ≈ N explores the whole brush profile, see also Fig. (5.3). For
the finite extensible chain models 〈∆z∗e〉 peaks at N∗ = N − 1, a property we find
for any N and σ. For Gaussian chains 〈∆z∗e 〉 peaks at N∗ = N . With N∗ ≥ N
the chain end fluctuations decay. The end-monomers of longer chains (N∗ > N)
become sharply localized on the top of the brush at large σ. Also on the right in Fig.
(5.6) the influence of the chain model becomes important as the minority chains
become longer. At equivalent brush conditions the SCF method from chapter 3 for
spherical chain segments predicts a much sharper transition and localization of the
chain ends for N∗ ≥ N compared to the other chain models.
In Fig. (5.7) the behavior of inner monomers in the N∗-chain is illustrated. On
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n=95  , N*=125
n=123, N*=125
n=95  , N*=129
n=123, N*=129
Figure 5.7: Left: Average height position 〈zn〉 of the inner monomers n of a N∗-
chain in a brush with N = 128 and σ = 0.463 (thick lines) , σ = 0.14 (thin lines).
Right: Height distribution gn(z) for two different inner monomers n of a short guest
chain N∗ = 125 and a long guest chain N∗ = 129 in a brush with N = 128 and
σ = 0.35.
the left the average position 〈zn〉 of all chain segments n of theN∗-chain for different
σ and N∗ in a brush with N = 128 is shown in a double logarithmic plot. The axis
are rescaled with the corresponding contour length of the N∗-chain. Much shorter
chains (N∗ = 55) apparently adopt a coil-like conformation, with 〈zn〉 ∝ n1/2,
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analogue to a single ideal chain end-grafted to an impenetrable surface and in
accordance with Refs. [30, 31]. With increasing N∗ the chain becomes strongly
stretched (for N∗ = 115 and N∗ = 125 we find almost a linear slope, 〈zn〉 ∝ n,
altough we have N∗ < N).
On the right in Fig. (5.7) the height distribution of two inner monomers at
σ = 0.35 is plotted. Here, a clear difference between the behavior of monomers
belonging wether to a short N∗-chain or a long N∗-chain is visible. Also the inner
monomers of a longer chain strongly localize and string like on a thread, whereas
monomers belonging to shorter chains are found in a wide range ∆z. For N∗ = 125
the segment n = 95 has almost an identical height distribution like n = 123.
This is remarkable: Around the transition point to the ’flower’ conformation
(N∗ ≈ N) we find a linear scaling of 〈z∗e〉 with n, no matter if N∗ is shorter or
longer than the majority brush chains. Already chains of length N∗ < N adopt
a strongly stretched conformation, but nevertheless the chain is still found deep
inside the grafted layer. The conformational transition from a coil to a strongly
stretched chain occurs for much shorter N∗ ≪ N and within a much broader range
∆N∗ ∝ N , whereas the actual transition to a ’flower’ conformation is found within
a very narrow range ∆N∗ = O(1) around N∗ = N .
That already short chains, which are still deep inside the brush layer, adopt
in fact strongly stretched conformations corresponds to the observation in [33].
Hence, the drastic ’jump’ in the height position of short and long chains does
not invoke a change in scaling relation of the conformations. The change from a
coil-like to a stretched state is a preparatory step for the transition to a ’flower’
conformation, which itself is actually a changeover from a stretched to a further
stretched conformation. Nevertheless, it is a dramatic effect. Adding or cutting
off a monomer induces a change in the height position of the end-monomer of the
order of the chain’s contour length. Like the brush profile itself, also around the
transition point of a test chain with N∗ ≈ N we find a universal scaling with N .
5.1.1 Universality and scaling relations
Since minority chains that are much shorter than the majority brush chains show a
coil conformation with 〈z∗e〉 ∝
√
N∗ and were found to behave identical for different
chain models and grafting densities we display in Fig. (5.8) the SCF results for the
average height position of the end-monomer for various σ, N and chain models
(Gaussian, lattice and freely-jointed spheres) in respective rescaled axis. All data
points fall on one single master curve and split if coming close to the transition
point. In [31] the behavior of chain conformations for N∗ ≪ N has been calculated













This function is also plotted in Fig. (5.8) and we find a very good agreement
with our SCF data. With N∗ → N the universal behavior breaks down. Around






















Figure 5.8: The universal behavior of shorter minority chains with respect to all
parameters. Symbols show SCF data for different majority chain length N , grafting
densities σ and chain models. 〈ze〉Skv is due Eq. (5.1.5) and ’coil-like’ is the limiting
function for N∗/N → 0.
N∗ ≈ N the transition strongly depends on the brush parameters and the chain
model applied. In [31] this regime could not be analyzed, but has only been inter-
polated qualitatively. Nevertheless, also around the transition point we encounter
a universal behavior for different grafting densities σ and majority chain lengths
N .
Also for N∗ ≈ N the universal behavior of the conformational transitions with
respect to different majority chain length N and different values of σ is shown in
Fig. (5.9). In the top we plot 〈z∗e〉/N (l.h.s.) and 〈∆z∗e〉/N (r.h.s.) versus the
chain length difference N∗ − N . For N∗ < N we find 〈z∗e〉/N and 〈∆z∗e 〉/N to be
completely independent of N and σ. The sharpness of the transition is entirely
determined by larger grafting densities σ. The height fluctuations (r.h.s. in Fig.
(5.9)) peak at N∗ = N − 1, which indicates a slight shift of the transition point in
comparison to the assumption made in chapter 4.
In the analytical two-state model describing conformational transitions of mi-
nority chains the position of end-monomers of shorter chains scales as 〈z∗e〉 ∝ N∗1/2,
as found also in Ref. [31]. This is apparently wrong as our results in Fig. (5.7) al-
ready indicate. Nevertheless, in dependence of the brush parameters the transition
itself is not affected (the short chain behavior is universal) and we will use the
predictions from 4.1 to further rationalize our numerical data.
From Eq. (4.1.5) we expect the change in the average end position 〈z∗e〉 to scale
with the brush height h. In general we have h ∝ σδ and we define a new order












































































Figure 5.9: The universal behavior of the conformational transition with respect
to different majority chain length N (different symbols) and grafting densities σ.
Bottom: scaling as suggested by analytical model (same data as in top figures).






From Eq. (4.1.6) we note that the transition should become independent of the
grafting density if we scale the chain length difference N∗ − N with h2/N2 ∝ σ2δ.
Therefore, we use the critical parameter as follows:
t := (N∗ −N) σ2δ . (5.1.7)
With these definitions all transitions in brushes should behave universal from the
point of view of our simplified model. Under athermal solvent conditions we have
δ = 1/3 Eq. (2.1.8). This prediction is tested with the numerical results in Fig.
(5.9). The two plots in the bottom of Fig. (5.9) show that with the scaling param-
eters according to Eq. (5.1.6) and Eq. (5.1.7) the data points tend master into a
single curve. Especially for the average height position the scaling predictions from
the analytical model work surprisingly good.
Another way to test the scaling predictions from the analytical model is to
introduce a function corresponding to Eq. (4.1.9), that describes the jump behavior
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We want to describe the region with x = N∗ − N = ±O(1) (transition point).
In order to fix the offset parameter C we consider the region of short test chains,
where the behavior of 〈z∗e〉/N is universal, see Fig. (5.9). This leads to C = 0.2. In
Fig. 5.10 we plot the SCF results for N = 512 and the function Eq. (5.1.8) with the
best corresponding fit parameters A, B and W . Our two-state model Eq. (4.1.9)








































Figure 5.10: Left: Best fit functions Eq. (5.1.8) for N = 512. Right: Scaling
behavior of parameters W and H with varying grafting density σ
deep inside the brush if N∗ < N and will dangle above the brush surface if N∗ > N .




∝ σ−2/3 . (5.1.10)
In Fig. (5.10) we display the fitted parameters W and H as functions of σ in a
double-logarithmic representation. This leads to very good agreement with the
suggested scaling laws.
The fact that the analytical approach, based on Gaussian chain approximation,
provides the same scaling relations as obtained with the numerical SCF calcu-
lations, in which chains are finite extensible, seems suprising. Applying in our
analytical model the Langevin equation, Eq. (3.1.7), instead of the Gaussian rela-
tion (exponential in Eq. (4.0.5)) we find the same leading scaling exponents for W
and H , with additional correction terms of higher orders in σ. We note that Eq.
(5.1.9) and Eq. (5.1.10) were obtained by assuming the potential V in Eq. (4.0.1)
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(as provided by the majority chains acting on the modified chains) to be box-like.
A brush of Gaussian chains would provide a potential of parabolic form [44, 60],
whereas in case of finite extensible chains [59] the potential turns more and more
box-like at large grafting densities σ. The latter fact seems to be more important
for the transition behavior of the test chains then the finite extensibility itself.
5.1.2 Description as a phase transition
Alternatively to Eq. (4.1.7) and Eq. (4.1.8), one can define the following quantities









∝ N , (5.1.12)


















where we have assumed ξ ≪ 1. Let us consider the case in which the majority


























length difference ξ Eq. (5.1.11).
chains, ξ, remains the same. Then, with growing N the ’jump transition’ is turning
increasingly sharp and for N →∞ (and hence ω →∞) Eq. (5.1.13) becomes:
〈z∗e〉
h
= Θ (ξ) . (5.1.14)
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In this limit we recover the predictions from the strong stretching approximation.
The end-monomer of the modified chain N∗ is found either at the grafting surface
(z = 0), for ξ < 0, or on top of the brush surface (〈z∗e〉 = h), for ξ > 0. In contrast
to SSA our approach predicts such a sharp behavior as a function of relative chain
length differences ξ and not absolute differences x, Eq. (4.1.7), as shown in Fig.
(5.11). In this representation the curves from N = 128 to N = 512 clearly tend
towards the predicted Θ function in Eq. (5.1.14).
5.2 Changing the solvent quality
So far, we have considered the case of athermal (or very good) solvent conditions.
However, with the approach presented here (analytical model as well as SCF cal-
culations), other solvent conditions can be implemented by modifying the equation
of state.
Upon increasing the χ-parameter in Eq. (A.2.6) the short range attraction is
successively enhanced in our mean field description. This corresponds to a decrease
in solvent quality. We start to investigate the case, where the second virial in Eq.
(2.3.16) (or Eq. (3.2.7)) vanishes (Θ-conditions), this is we set χ = 0.5.
5.2.1 Θ-solvent
Under Θ-solvent conditions the analytical model predicts a change in the scaling
with respect to the grafting density from Eq. (4.1.8) and Eq. (2.1.8). As for the case
of athermal solvent we expect the numerical data for the conformational transitions
for different majority chain length N and grafting density σ to collapse into a single
curve if we define an order parameter X, Eq. (5.1.6), that scales in accordance with
the predictions from the analytical model and a critical parameter t due to Eq.




































Figure 5.12: Universality and scaling relations for conformational transitions in
Θ-solvent. Left: Numerical data for various N and σ. Right: Scaling behavior of
W and H .
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parameter X = 〈z∗e〉/(Nσ1/2) is plotted versus t = (N∗ − N)/(Nσ) for various σ
(ranging from σ = 0.1 to σ = 0.45) and N . We find the numerical data to fall
roughly into a single universal curve.
On the right in Fig. (5.12) we additionally check the scaling relation of the ’jump
width’ W and ’jump height’ H of the transition. Analogue to the athermal case
we choose a function of the form Eq. (5.1.8) and plot the best fitting parameters
in a log-log scale versus the grafting density. We find the slope for W and H in
very good agreement with the scaling predictions from the analytical approach.
The distributions g∗e(z) of the end-monomers of theN
∗-chains are very similar to
the ones presented in Fig. (5.3). The conformational transitions in Θ-solvent obey
identical properties as in athermal solvent, only the scaling exponent with σ has
changed in accordance with Eq. (2.1.8) from δ = 1/3 → δ = 1/2. Qualitatively the
transition remains the same: The N∗-chain continuously changes its conformation
from a stretched state, remaining entirely inside the grafted layer, to a ’flower-like’
state as N∗ increases beyond the majority chain length N (see e. g. Fig. (5.5)).
Due to the change in the scaling exponent (δ = 1/3 → δ = 1/2) we expect the
conformational transition to be more sensitive to varying grafting density σ in
Θ-solvent as compared to athermal solvent.
This can indeed be observed in the l.h.s. of Fig. (5.13). There, the average end-
monomer position 〈z∗e〉 of the N∗-chain is plotted for various σ under athermal, Θ-
and poor solvent conditions. As noted already in the previous section the behavior
for N∗ < N is independent of the brush parameters, this holds also for the solvent
quality. Since for a given grafting density the brush layer gets compressed with
decreasing solvent quality the flower conformation in Θ-solvent shows a reduced
stretching.
We also note from Fig. (5.13) that with decreasing solvent quality the confor-
mational transition occurs for shorter chains N∗ < N . This observation is better
visualized on the right in Fig. (5.13). There we compare the transitions in brushes
of identical layer thickness under different solvent conditions and display the change
∆〈z∗e〉 in the height position of the end-monomer upon varying the chain length
∆N∗ (the slope of the transition curves 〈z∗e〉(N∗)). The points visibly shift to the
left (shorter N∗-chains) with increasing χ (reduced solvent quality). The maxi-
mum positions are an adequate definition for the transition points. The maximum
value itself increases with decreasing solvent quality, indicating a sharper transi-
tion. Note, this conclusion can only be drawn if the grafted layers are of the same
thickness. For the same brush (fixed σ) a reduction of solvent quality smoothens
the transition (e. g. compare σ = 0.2, circles, on the left in Fig. (5.13)).
5.2.2 Beyond Θ-solvent
We now consider the case of χ > 0.5, corresponding to poor solvent conditions.
In accordance with Eq. (2.1.8), Eq. (5.1.6) and Eq. (5.1.7) the scaling exponent
for σ in a poor solvent should increase further to δ = 1. In Fig. (5.14) we display
the distributions for the chain ends of a N∗-chain under poor solvent conditions.








































Figure 5.13: Compare conformational transitions in athermal solvent (open sym-
bols), Θ-solvent (half-filled symbols) and poor solvent (filled symbols) for different
σ. R.h.s.: Change in 〈z∗e〉 upon varying N∗ for different solvent qualities (grafting
densities are selected to obtain the same layer thickness for each solvent quality).





































Figure 5.14: End-monomer distribution g∗e(z) of N
∗-chain in poor solvent (N =
256 , σ = 0.35). Left: χ = 1. Right: χ = 2.5
We note a remarkable difference to the distributions for χ ≤ 0.5. On the left of
Fig. (5.14) we set χ = 1. In poor solvent the transition from the ’coil’ state to
the ’flower’ state involves the occurrence of two local maxima, corresponding to
each of the states, in a single distribution. This is in contrast to the case of good
solvent, where a single maximum shifts continuously with increasing N∗, see Fig.
(5.3). Using the thermodynamical interpretation of g∗e(z), developed in Eq. (5.1.1)
and Eq. (5.1.3), this corresponds to the emergence of two metastable states. For
N∗ < N only the ’coil’ state is preferable as it obeys the only minimum in free
energy for the conformations of the N∗-chain. As we approach the majority chain
length (N∗ . N) a second minimum appears on the top of the brush, representing
the ’flower’ state. This second minimum becomes steeper and finally the global
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minimum with increasing N∗. The minimum for the ’coil’ state vanishes, leaving
the ’flower’ state as the only preferable conformation. This is the classical situation
for a first order phase transition identifying Eq. (5.1.3) as a Landau function for the
free energy in dependence of the order parameter z∗e (analogue to the description
in [90]).
For comparison, on the right hand side in Fig. (5.14) we plot the chain end
distributions in the same brush for χ = 2.5. We note that with increasing χ the
conformational transition occurs at lower and lower values of N∗ and at the same
time the range ∆N∗, where both states can coexist simultaneously (two maxima
in g∗e) is enlarged. With a further decrease of the solvent quality the transition is
more and more dominated by the interplay of the two coexisting minima in the
free energy. The change of the conformational transition from a continuous one to
a discontinuous one is solely related to the χ-value. Beyond χ = 0.5 the range of
the phase space ∆N∗ with coexisting metastable states increases with χ.
Another difference to the behavior in good solvent can be drawn from Fig.
(5.14). The cilia of monomers N∗ > N is strongly localized on the top layer of
the brush at the interphase between the polymer-rich and the solvent-rich phase.
The additional monomeric material is put to this interphase and slightly shifts it
to larger z-values.
For χ > 0.5 a significant change in the form of the brush potential must occur
to justify this dramatic change in the nature of the transitions. In section 3.4
we saw that SSA provides an adequate approximation to predict the brush profile
obtained by the numerical SCF method. A key issue in this approximation is
that the self-consistent form of the potential acting onto the grafted chains is
not changing in dependence on the solvent quality and is given by Eq. (2.3.12).
The dramatic change for conformational transitions must hence be related to an
additional discontinuity at the interphase between the solvent-rich and the polymer-
rich phase using the numerical SCF approach. The left plot in Fig. (5.15) shows the
self-consistent potentials V (z) as provided by the majority brush chains for various
χ values. Compared are the results from SSA (full lines) and the numerical SCF
method (dotted lines). Both approaches include the discontinuity in the potential
for χ > 0.5 on the the top of the brush, where it jumps to the bulk value of pure
solvent (V (φ = 0) = 0) [57]. In the poor solvent the interphase displays a sharp
minimum in the chemical potential and monomers of a test chain tend to localize
there. Since SSA neglects fluctuations it assumes the monomer concentration in
the grafted layer to be φ ≥ φ∗, where φ∗ is calculated via Eq. (2.3.17). At the
brush surface an instantaneous potential shift occurs, given by:
∆µSSA = −µ(φ∗) . (5.2.1)
In contrast to SSA, the numerical SCF calculations provide fluctuations which
allow concentrations below φ∗.
The chemical potential in Fig. (5.15) displays an additional gap with ∆µSCF ≫
∆µSSA at the top of the brush [70]. As this gap is provided by concentration































Figure 5.15: Left: The self-consistent potentials according to SSA and the nu-
merical SCF approach (in descending order: χ = 0 , σ = 0.2 ; χ = 1 , σ = 0.35
; χ = 1 , σ = 0.2 ; χ = 1.5 , σ = 0.35). Right: Chain end distributions for a
N∗-chain using the SSA potential (neglecting fluctuations at the interphase) for
χ = 1 , σ = 0.35
fluctuations its size is of the order of the length of a monomer, independent of any
brush parameters. Its depth (∆µSCF ) increases with χ as well. On the r.h.s. of
Fig. (5.15) we plot the chain end distributions for a N∗-chain under the conditions
χ = 1, σ = 0.35 and N = 256 using the potential provided by SSA, without the
additional fluctuation gap. These parameters are the same used in the left of Fig.
(5.14), where the ’original’ potential from the numerical calculations acts on the
N∗-chain. Also for other brush parameters (χ , σ , N) the evolution of g∗e(z) with
growing N∗ applying the SSA potential instead of the numerically obtained one is
similar. The drastic change in the nature of conformational transitions under poor
solvent conditions is provided by the additional fluctuation gap at the outer edge
of the brush.
Due to SSA the functional form Eq. (2.3.12) of the brush potential does not
change from good to poor solvent conditions (SSA in l.h.s. in Fig. (5.15)). It is
only shifted by a constant (V (z) → V (z) + ∆µSSA). With this shift the chemical
potential beyond the brush profile (pure solvent phase) jumps upwards to a constant
value and prevents (or at least handicaps) monomers to enter the region z > hbrush.
The potential gap as obtained from the numerical method (dotted lines for χ < 0.5
in the left plot of Fig. (5.15)) shows an additional sudden drop in the chemical
potential. This corresponds to the likewise situation of a box profile (experienced
by the test chains) as assumed in Ref. [90, 93] and in the analytical model in
chapter 4. Hence, we find under poor solvent conditions a first-order ’coil’-to-
’flower’ transition .
The additional potential gap does not affect conformations of chains of the
length of the majority chains (N∗=N) in this dramatic way. In the left of Fig.
(5.16) the height distribution of inner monomers of such aN∗=N -chain are plotted.
They do not show any metastability. In the right of Fig. (5.16) the analogue































Figure 5.16: Height distribution g∗n(z) of inner monomer n (grafted monomer is
labelled n = 0) of the N∗-chain in poor solvent (N = 128 , σ = 0.35 , χ = 1.5).
Left: N∗ = N = 128. Right: N∗ = 125
distributions of inner monomers for a chain of length N∗ = N − 3, where the ’coil’
and the ’flower’ state coexist, are shown for comparison.
In the analytical model for transitions in poor solvent conditions we applied
the scaling relations for a dry brush. In our SCF scheme, applying the EoS in
Eq. (2.3.16), the dry brush condition can only be approximated by increasing the
attractive interactions between monomers. In Fig. (5.17) we check the universality



































Figure 5.17: Left: Universality of conformational transition in poor solvent (χ = 3).
Right: Fit parameters W and H , Eq. (5.1.8), with σ ranging from 0.1 to 0.45.
solvent concentration in the grafted layer. The curves in the left of Fig. (5.17) only
fall onto each other if N and/or σ are sufficiently large. The two curves that most
deviate are for N = 64 and N = 128 at a grafting density of σ = 0.1. The reason
is that for shorter chains and low grafting densities the layer thickness is of only
several monomer lengths and the distance between grafting point and potential well
is only of the order of the radius of gyration. This corresponds to the definition of
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a ’small system’ in [90] where no universal properties of the phase transition are to
be expected. Also, the depletion and packing at the interphases (which are on the
order of a monomer length) become more relevant (see Fig. (3.9)). The increasing
importance of these effects is another reason for the non-universal behavior of the
N∗-chains.
At increasing N and / or σ the numerical data show an even better universal
behavior as compared to the case χ < 0.5. This is reasonable as the assumptions in
the analytical model come close to the actual situation in poor solvent conditions.
On the right of Fig. (5.17) the best fit valuesH andW in Eq. (5.1.8) forN = 256
and σ ≥ 0.1 are plotted. Also for the case of poor solvent we find good agreement
with the corresponding scaling predictions.
5.3 Summary
We have studied conformational transitions of chains of varying length N∗ in a
homopolymer brush for different majority chain length N , grafting densities σ and
solvent conditions. We could show that the suggested scaling form as provided
Figure 5.18: A schematic sketch of the conformational transition.
by the analytical model in dependence of these parameters is confirmed by our
numerical SCF model presented in chapter 3. Describing the change in average
height position of the end-monomer with chain length N∗ in terms of Eq. (5.1.6)
and Eq. (5.1.7) we found an universal behavior of the transition that is in a good
approximation independent of any brush parameters (see Fig. (5.9), Fig. (5.12) and
Fig. (5.17)). This property of the transition could be proved for varying solvent
quality. In case of poor solvent such a rescaling is only adequate for sufficiently
long brush chains N or high grafting densities σ since otherwise the grafted layer
thickness is too small and one can no longer expect the system to behave universal
[90].
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There is a crucial difference in the conformations of test chains as the solvent
quality decreases beyond Θ-conditions. For χ ≤ 0.5 (athermal to Θ-solvent) there
is always only one minimum in the conformational free energy (see Fig. (5.5)).
With increasing N∗ → N this minimum successively transforms from the ’coil’
state, where the N∗-chain is deep inside the grafted layer, to the ’flower’ state,
where its chain end is found on top of the brush surface (see Fig. (5.3) and Fig.
(5.5)). In contrast, for χ > 0.5 the ’coil’ and the ’flower’ state coexist for certain
N∗ . N , Fig. (5.14). The range ∆N∗ of this coexistence is increased with increasing
χ (decreasing solvent quality). The behavior reflects a first order ’coil’-to-’flower’
transition and is analogue to the description in [90] and our analytical model, which
assumes a sudden drop in the potential at the brush surface. Due to concentration
fluctuations at the polymer- and solvent-rich interface on top of the grafted layer
a sharp and deep gap in the potential profile is forming in poor solvent conditions
(see left in Fig. (5.15)). This causes the conformational transition to become a
first order phase transition with the occurrence of metastability. The form of the
potential itself (for z < h) is not sufficiently steep to provide such a behavior (see
r.h.s. in Fig. (5.15)).
Since in good and Θ-solvent the transition occurs continuously the analytical
model from chapter 4 seems not adequate to be applied in that case. But the pre-
dicted scaling of the average end-monomer position does work surprisingly good.
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Chapter 6
Polymer Brushes with Modified
Chain Ends and Conformational
Switching
Recent MD simulations [34] showed that a switching effect can also be achieved in
polymer brushes, where some of the chains carry an additional bulky end-group or
are bound to a nanoparticle (see Fig. (6.1)). Upon changing the effective solvent
quality for these modified end-groups they can be found either inside the brush
Figure 6.1: Picture taken from Ref. [34]: Individual brush chains with modified
end-groups
profile, being completely covered by the brush chains, or ’swimming’ on top of the
brush, exhibited to the surrounding environment. Understanding the switching
behavior in more detail can help to provide useful information about how to con-
struct and control such an effect. If the end-groups obey a special property with
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respect to the surrounding environment (such as a catalytic function) this can be
switched on and off, as the coverage by the other brush chains (r.h.s. in Fig. (6.1))
would inhibit the corresponding property or function.
In the following we present a systematic study of this effect using our quasi
off-lattice SCF scheme from chapter 3 and we provide a comparison with the an-
alytical model from chapter 4 to reveal some fundamental properties of brushes
with modified end-groups. In the present chapter the self-consistent profiles for
both chain types (modified and unmodified) are calculated simultaneously in pres-
ence of each other. The fraction of modified guest chains in the brush is denoted
as fNP . Additionally, we will also consider the case fNP → 0. The presence of a
very low fraction of modified chains does not influence the majority brush chains
considerably and the interactions among guest chains themselves can also be ne-
glected since they are assumed to be grafted far apart from each other. In this
scenario the guest chains are then exposed to the majority brush potential, but
they do not affect the brush profile by their presence. This cooresponds to the test
chain method.
Parts of the following study have been published in Ref. [94].
6.1 General behavior
We begin the presentation of our results with some examples and discuss the be-
havior of the modified end-groups, which shall be denoted with NP in the following
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RNP= b, χ = 0   
RNP= b, χ=1.33
RNP=0.5b, χ = 0   
RNP=0.5b, χ=1.33
φmon
Figure 6.2: Comparison of nanoparticle distribution gNP in dependence of the
size of the NPs. The brush profile φmon is also shown as a guide to the eye.
(σtot = 0.2, Ds = 8, N = 128, fNP = 5%)
(in z-direction) of the modified chain ends gNP (z) in dependence of their size RNP
and the χNP,mon parameter between NPs and common chain monomers is pre-
sented. Since we only investigate systems with two different types of segments
(monomers and NPs) where segments of the same type shall always interact purely
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repulsive (χi,i = 0, athermal case) we denote the interaction parameter between
monomers and NPs simply as χ := χNP,mon. The effect of different RNP and χ is
clearly observed. Only if the modified end-group is larger than a common monomer
a switching in the height position is notable (l.h.s. in Fig. 6.2).
For the case RNP = 3 b (or 2 b) and χ = 0 the NPs are located on the top of
the brush and we denote such configuration as the ’exposed’ state. Increasing the
attraction between the NP and the monomers (χ = 0.33) these bulky end-groups
enter the brush surface and become covered by the other monomers, the NPs are
in the ’hidden’ state.
In contrast, equally or smaller than a monomer sized end-groups (see r.h.s. in
Fig. 6.2) are found all over the brush profile for χ = 0. Even if the attraction
parameter is increased up to χ = 1.33 the height distribution of these NPs has not
changed very much. Clearly, they are more likely to be found inside the grafted
layer, but still there is a non-vanishing probability to stay at the brush surface.
Equally or smaller than monomer sized NPs do not show a sensitive behavior to
changes in the χ parameter (no switchability between ’exposed’ and ’hidden’ state).
This confirms the MD simulation results in Ref. [34].
It is also worth noting that in the ’hidden’ state the end-groups, which are bigger
than a monomer, display a localization inside the grafted layer. This localization
is sharpened if the size of the end-group is increasing (compare RNP = 2 b and
RNP = 3 b for χ = 0.33 in Fig. (6.2)). Such a behavior was also observed in MD
simulations [34]: For a low fraction of modified chain ends the bigger NPs tend to
localize in z-direction inside the brush profile for effective attraction between the
NPs and the monomers (see r.h.s in Fig. (6.1), where in the MD simulation also
5% of the chain ends carry a NP of triple the size of a monomer).
In Fig. (6.3) we illustrate the effect of increasing concentration of modified end
groups. On the left we display the distribution of the nanoparticles gNP (z) and




















gNP, χ = 0   
gNP, χ=0.58



















gNP, χ = 0   
gNP, χ=0.58
φmon, χ = 0   
φmon, χ=0.58
Figure 6.3: Comparison of nanoparticle distribution gNP and monomer density
φmon for a fraction of 2% (l.h.s.) and 50% (r.h.s) of modified chain ends. (RNP =
3b, N = 64, σtot = 0.35, Ds = 8)
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total grafting density of σ = 0.35, chain length N = 64 and a fraction of fNP = 2%
of chains carrying a NP of triple the size of a common monomer for two different
χ-parameters. At such low concentrations the NPs do not interact with each other
and they can localize much stronger at the corresponding height position (on top
of or inside the grafted layer).
On the right in Fig. (6.3) we show gNP and φmon for the same parameter set
with fNP = 50%. Also for a large amount of chain ends carry a bulky end-group
the ’exposed’ state (χ = 0) can be identified, but the NPs have to spread much
more in z-direction. The grafted layer gets deformed by the presence of the NPs.
The larger amount of NPs also leads to a greater influence on the monomer density
φmon as the χ-parameter changes. For χ = 0.58 the state can not be characterized
as ’hidden’, since some NPs are still found close to the brush surface. The NPs are
rather found over the whole profile and also tend to form clusters at the edge of
the brush as no more NPs can be adsorbed inside the grafted layer.
In Fig. (6.4) we show the influence of the length of the brush chains on the NP

























N=32, fNP=5%N=64, fNP=10%N=128, fNP=20%N=256, fNP=40%φmon
Figure 6.4: Comparison of nanoparticle distribution gNP for different chain lengths.
On l.h.s. all plots are for fNP = 20%. (Both sides: RNP = 3 b , σtot = 0.35, Ds =
8, χ = 0.58)
gNP for a total grafting density σ = 0.35 and a fraction fNP = 20% of modified
free chain ends RNP = 3 b are compared for different chain lengths (N = 32 to
N = 256). Note, that the x-axis is in units z/N to compare different chain lengths.
As a guide to the eye the corresponding monomer density φmon (thick line) is also
shown (the φmon do not differ noticeably for the different N values). The longer
the brush chains, the easier the brush can adsorb the same amount of NPs into its
profile. For N = 32 the NPs are found all over the brush height and form clusters
at the outer edge of the brush. In contrast, for N = 256 the NPs tend to localize
inside the brush profile, comparable to the behavior at lower fNP and shorter chain
lengths N , e. g. see l.h.s. in Fig. (6.3). On the left in Fig. (6.4) the total amount
of NPs is kept constant, but the relative fraction of NPs with respect to the total
monomer number is changing.
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In contrast, on the right in Fig. (6.4) we plot gNP for different chain lengths
N and fractions of replaced NPs at the free chain ends fNP , such that the relative
fraction of NPs with respect to monomers remains constant. In this case the
distributions of nanoparticles gNP show an universal behavior if fNP/N is kept
constant. We performed the same plots also for other sets of parameters and found
the same result as long as χ is not too large (see also Fig. (6.5), where for RNP ≥ 2 b
and low χ the NPs tend to adopt approximately the same height position). For
modified chain ends at low solvent selectivity the rescaled distribution of modified
chain ends gNP (z/N) is universal in terms of fNP/N . Hence, in order to reproduce
a marked switching property of the NPs it is necessary to have systems where the
fraction fNP/N is small.
6.2 The critical χ parameter
In Fig. (6.5) we compare the average height position 〈zNP 〉 of NPs for different
sizes RNP , fractions of modified chains fNP , chain lengths N and grafting density



























































Figure 6.5: Comparison of average nanoparticle position 〈zNP 〉/N for different
chain lengths N , fractions of chain ends carrying a nanoparticle fNP and grafting
densities (lower curves: σ = 0.2 ; upper curves: σ = 0.45). Up left: RNP = 3b, up
right: RNP = 2b, low left: RNP = b and low right: RNP = 0.5b.
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one can note, that the position of the NPs for RNP = 3 b changes more rapidly in
comparison to RNP = 2 b upon variations of χ, especially for σ = 0.2. At low χ in
the upper two plots the position 〈zNP 〉/N is quite independent from N and fNP
(beside the cases N = 64 , fNP ≥ 20%). At increasing χ the curves for different
chain lengths and fractions of NPs split into individual ones. The smaller fNP the
deeper the NPs enter into the grafted layer.
In the lower left plot in Fig. (6.5) the results for RNP = b are presented. There
the curves already start to split for χ > 0. For small particles (RNP = 0.5 b) in
Fig. (6.5) the height position of the NPs does quite not change at all for increasing
χ values. Apparently, the position of the end-groups is more sensitive for bigger
NPs.
In chapter 5 the critical condition for the transition between the ’flower’ and
the ’coil’ state was found to be N∗ ≈ N independent of any brush parameters
and in accordance with the analytical assumptions in section 4.1. In the actual
case of a modified end-group (see Fig. (6.5) and Eq. (4.2.4)) one notes that the
transition point with respect to χ depends on σ and RNP . Therefore it is necessary
to assign an analogue ’critical’ condition for the numerical SCF calculations to
analyze the behavior around this condition. A reasonable choice is to define χcrit
in the following:




→ Max . (6.2.1)
This is the χ value, where the change in the average height position of the NP
becomes a maximum upon varying the solvent selectivity. It corresponds to the
position of maximum slope for the curves in Fig. (6.5). A proper measure for the
sensitivity of the transition between the ’exposed’ and the ’hidden’ state is the so
defined parameter S at its maximum: The larger this maximum value of S is, the
more sensitive is the switching process.
To determine χcrit and the sensitivity S of the transition we plot the gradient
of the average height position with respect to a varying χ parameter in Fig. (6.6)
and Fig. (6.7) for various grafting densities σ at N = 128 and fNP = 5%. The
results for RNP = 3b (resp. RNP = 2b) are displayed in the left (resp. right) of Fig.
(6.6). Clearly, the χ value with maximum change in the height position increases
with higher σ. The maximum value can be taken to define S and χcrit Eq. (6.2.1).
Comparing the left and right plot in Fig. (6.6) the transition point χcrit at
a corresponding σ has not shifted much for RNP = 3 b and RNP = 2 b, but the
absolute values of the average changes around the transition point, S, are notably
larger for RNP = 3 b compared to RNP = 2 b. Hence, we find approximately the
same χcrit for bigger than monomer sized NPs, whereas the transition itself displays
an increased sensitivity S with an increasing size of the NPs.
From the analytical model in section 4.2 we expect a similar χcrit for RNP = 2 b
and RNP = 3 b. In accordance with Eq. (4.2.4) the value of χcrit increases only






































Figure 6.6: Change in average height position of the NP ∆〈zNP 〉/N per change of
the χ-parameter for RNP = 3 b (left) and RNP = 2 b (right). N = 128, fNP = 5%.
very slightly in dependence of the size of the NPs for a given σ:
χcrit (RNP = 3 b) =
208
189
χcrit (RNP = 2 b) ≈ 1.1χcrit (RNP = 2 b) . (6.2.2)
The transition around χcrit is predicted to become more sensitive with increasing
size of the NPs. This is also confirmed in Fig. (6.6). Finally we note that for a given
size of the modified end-group there is a grafting density, where the conformational
transition is more sensitive to varying χ parameters. For RNP = 2 b the absolute
maximum in the change of the NPs height position occurs around σ ≈ 0.2, whereas
for RNP = 3 b this absolute maximum is rather to be expected for 0.1 < σ < 0.2.
The analytical model makes no prediction about such a behavior and this issue will
be analyzed in more detail in the next section.
A quite different picture is obtained for equally and smaller than monomer
sized NPs. In Fig. (6.7) are shown the corresponding results. For RNP = b on
the left we find χcrit ≈ 0, independent of the grafting density. In order to confirm
that the maximum position is found around this χ value the calculations were
extended to negative χ. Again the sensitivity of the transition has further reduced
in comparison to bulky end-groups (y−axis in Fig. (6.6) and Fig. (6.7)). For
RNP = 0.5 b on the right in Fig. (6.7) the χcrit is found at very negative values,
that further decrease with increasing σ. The absolute value |χcrit| is around one
order of magnitude larger for NPs being of one half of a monomer size compared to
the bulky NPs in Fig. (6.6). Also the sensitivity S of smaller than monomer sized
NPs χ has drastically reduced.
Such a behavior for RNP = b (resp. RNP = 0.5 b) is confirmed by the analytical
model. In accordance with Eq. (4.2.4) it predicts for equally sized end-groups
χcrit = 0. In contrast, setting RNP = 0.5 b in Eq. (4.2.4) χcrit becomes negative,
with its absolute value to be roughly an order of magnitude bigger in comparison
to bigger than monomer sized NPs.
Comparing Fig. (6.5) to Fig. (6.7) the splitting of the curves in Fig. (6.5) starts





































Figure 6.7: Change in average height position of the NP ∆〈zNP 〉/N per change of
the χ-parameter for RNP = b (left) and RNP = 0.5 b (right). N = 128, fNP = 5%.
beyond the transition point (for χ > χcrit).
In Fig. (6.8) we display χcrit in dependence of σ in a double logarithmic rep-
resentation. The results were obtained for N = 256 assuming the modified guest











Figure 6.8: Critical χ-parameter in dependence
of σ in a double logarithmic representation.
(N = 256 , fNP = 0% , Ds = 8).
χ-parameter in discrete steps
of ∆χ = 0.02. From the an-
alytical model Eq. (4.2.4) one
expects χcrit ∝ σ2/3. At low
to moderate grafting densities
this predicted scaling behavior
can be confirmed by the nu-
merical SCF data. For high
grafting densities the slope of
χcrit(σ) increases beyond 2/3.
In the analytical description
of section 4.2 a linear rela-
tion for the interaction be-
tween the NP and the brush
monomer density has been as-
sumed leading to the scaling
relation in Eq. (4.2.4). In the
numerical SCF approach the
non-linear relation Eq. (A.2.4)
for the interaction of spheres of different sizes is applied. With increasing graft-
ing density the contribution from higher order terms becomes more important and
possibly leads to the discrepancies between the analytical model and the SCF cal-
culations in Fig. (6.8).
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6.3 An optimal grafting density
In Fig. (6.6) we found, that for a given NP size there is a dependency on the
grafting density, where the transition between the ’exposed’ to the ’hidden’ state
is most sensitive to a varying χ. This is analyzed in more detail now. In order
to reduce the computational effort we apply the test chain method fNP → 0 as
explained above section 6.1. We consider the following parameter set with respect
to σ, RNP and χ: The grafting density is discretized in steps of ∆σ = 0.01, for the
size of the end-group we use ∆RNP = 0.1 b and the effective attraction is increased
















RNP=3.4b,  σ=0.1RNP=3.4b,σ=0.22RNP=2.2b,  σ=0.1RNP=2.2b,σ=0.22
Figure 6.9: Change in average height position of the NP ∆〈zNP 〉/N per change of
the χ-parameter for two selected σ and RNP . (N = 128, fNP = 0%, Ds = 10).
of differently sized NPs at certain grafting densities. For RNP = 3.4 b we note the
maximum of the change in the height position S at σ = 0.1 (filled triangles) is
above that of the larger grafting density σ = 0.22 (open triangles). Hence, around
the corresponding χcrit bulky NPs tend to switch between the ’exposed’ and the
’hidden’ state within a smaller range of χ values at low grafting densities. Hence, at
σ = 0.1 the transition is more sensitive with respect to changes in the χ parameter.
In contrast, for a NP with RNP = 2.2 b the behavior is the opposite. It changes
its height position more rapidly around χcrit if the grafting density σ = 0.22 (open
circles) is chosen.
On the left in Fig. (6.10) the critical value χcrit in dependence of the grafting
density σ is plotted for various sizes RNP in a linear representation. For RNP =
b the SCF results give χcrit = 0, independent of σ and in accordance with the
analytical model Eq. (4.2.4). If the size of the NP is only slightly increased up
to RNP = 1.2 b, χcrit becomes σ-dependent. For RNP & b the curves on l.h.s. in
Fig. (6.11) differ considerably as the actual size of the NPs is changed. For larger
values of RNP (compare RNP = 1.8 b to RNP = 3.4 b) the data fall onto a master
curve at low grafting densities. Such a behavior is in agreement with the analytical

































Figure 6.10: Left: Critical χ-parameter in dependence on σ for various RNP . Right:
Change of average height position ∆〈zNP 〉/N per change ∆χ-parameter at χcrit,
the sensitivity S in Eq. (6.2.1). (N = 128, fNP = 0%, Ds = 10).
model, where in Eq. (4.2.4) χcrit becomes more and more independent of RNP as
RNP itself becomes larger.
On the right in Fig. (6.10) the influence of σ on the change of the height position
at χcrit, corresponding to S in Eq. (6.2.1), is shown. One notes a clear tendency
towards an increasing sensitivity of the modified guest chains with increasing RNP
(curves are shifted upwards for RNP ↑). For bulky NPs the peak in the maximum
change is found at moderate grafting densities, whereas for RNP → b the curves
peak at high values of σ.
For each RNP the optimal grafting density σopt is defined as that value, where
the average height position of the NP 〈zNP 〉 changes most with respect to varying
χ (the maximum positions of the curves on the right in Fig. (6.10)). In Fig. (6.11)
we display the σopt in dependence of RNP . For RNP → b the σopt tends to very high
grafting densities. For the case RNP = 1.0 b and RNP = 1.1 b our SCF approach
was applied with Ds = 50 to correctly describe the freely-jointed chain model at
very high σ.
With decreasing size of the end-group the difference in the interactions of the
NPs compared to the monomers is solely determined by the different coupling, the
varied χ parameter. The larger σ, and hence the density in the grafted layer, the
stronger the χ-coupling becomes and the NP (and subsequently the conformation of
the test chain) displays a more sensitive behavior with varying χ. With increasing
size of the end-groups an additional entropic contribution from Eq. (A.2.4) emerges,
repelling the end-group from the grafted layer. At increasing grafting densities this
repulsion becomes stronger and larger χ values are necessary to overcome them.
Due to this interplay between enhanced purely entropic repulsion and increasing
attraction the adsorption into the grafted layer around χcrit is occurring within a
















Figure 6.11: Dependence of optimal grafting density σ on the NP size RNP . (N =
128, fNP = 0%, Ds = 10).
Based on the numerical result we can suggest the following functional relation:






This ansatz ensures σ → ∞ as RNP → 0. In Fig. (6.11) this function is displayed
with the fitting values to the numerical data (A = 0.59 and ǫ = 1.33).
6.4 Summary
We studied a polymer brush with a fraction of its chains carrying a modified end-
group (NP). The equilibrium position of the NPs was analyzed in dependence of
their size RNP , the lengthN of the brush chains, the grafting density σ, the strength
of the attractive interactions χ between NPs and the monomers and the fraction
fNP of such modified chains in the brush.
Previous MD simulations [34] showed that, caused by changing the interaction
strength χ, end-groups that are bigger than the common monomers can exhibit
a marked switching in the height position. We could confirm this observation, as
well as the localization of such end-groups inside the grafted layer at increased
attractive interactions (see Fig. (6.2)). Up to the critical point χcrit we found the
height distribution of the NPs to be universal at constant fNP/N (see Fig. (6.4)).
We can conclude that at a given grafting density σ the switching effect is more
pronounced and occurs within a smaller range of χ for bigger end-groups, long
brush chains N , and only low fractions of modified chains fNP . For increasing fNP
also the brush chains should be equivalently longer in order to adsorb the larger
amount of bulky end-groups.
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The predictions of the analytical model developed in chapter 4 have been
compared to the numerical results. We could confirm a vanishing critical value,
χcrit = 0, for end-groups that are of the same size like common monomers. With
increasing size of these end-groups we obtain χcrit = χcrit(σ) > 0 and χcrit satu-
rating with larger values of RNP (see l.h.s. in Fig. (6.10)). For NPs smaller than
monomer size, χcrit is negative and its absolute value is about one order of magni-
tude larger than for bulky NPs. This dependency of the critical point with respect
to the NPs size is fully reflected by the relation predicted in the analytical model
Eq. (4.2.4). In contrast, the suggested dependency on σ can not be confirmed at
high grafting densities (see Fig. (6.8)). For very dense brushes the grafted layer
exerts much stronger repulsive interactions onto the NPs than suggested by the
analytical model and larger χ values are necessary to overcome them.
We found an optimal grafting density σopt, where the average height position of
the end-group 〈zNP 〉 at the transition point χcrit changes most rapidly with respect
to varying χ (see Fig. (6.9)). For big end-groups σopt is found at moderate grafting
densities. With RNP → b the σopt is monotonically increasing and tends to diverge
for very small end-groups.
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Chapter 7
Mixed and Bidisperse Polymer
Brushes
In this chapter a third example for the modification of grafted guest chains in
a polymer brush is studied. Here, we consider a fraction of chains with all its
monomers being chemically different from the other brush chains. A typical exam-
ple is the situation, where hydrophilic and hydrophobic polymer chains are grafted
Figure 7.1: MD simulation of a mixed polymer brush (hydrophilic and hydrophobic
chains). (N1 = N2 = 128, f = 50%, σ = 0.116)
densely onto a substrate forming a so called mixed or binary brush [24]. The im-
portant feature is the difference in the behavior (or interaction) with respect to
the solvent molecules. In the following we assume a hydrophilic solvent and in this
environment we denote the one type of chains (or monomers) which experiences
good solvent conditions as hydrophilic and the other type, being exposed to poor
solvent conditions as hydrophobic chains /monomers.
For comparable fractions of the two chain types, binary brushes have been
considered widely in the literature using various techniques, theoretical and ex-
perimental (e. g. [22, 24, 25, 95, 96]). It is known that the system tends to phase
separate (micro-phase separation) with the hydrophobic chains forming the ’bot-
tom’ layer (they adopt less stretched conformations and form a compact layer to
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reduce the contact area with the solvent molecules). The hydrophilic chains then
have to stretch through the hydrophobic layer to be exposed to the ’good’ solvent
and they form the ’top’ layer.
Recently, MD simulations [95, 96] and experiments [25] have been carried out
to study an interesting phenomena that arises upon changing the environment of
the binary brush (successively replacing the solvent by another, varying the pH
or changing the temperature) in such a way that the solvent conditions for both
chain types are inverted and the two chain types rearrange. In Fig. (7.1) some
snapshots from MD simulations by Merlitz et. al. [95] using their bead-spring-
model are shown. In their work the authors report a dynamically fast and reversible
switching process.
In Fig. (7.2) the density profiles (in z-direction, perpendicular to the wall)
of a binary brush as obtained in [95] are displayed. The solvent selectivity is
modeled via effective interaction potentials (implicit solvent). To take into account
Figure 7.2: MD simulation data [95] of a binary polymer brush.
additional attractive interactions Merlitz et. al. chose a Lenard-Jones potential with
a changing cut-off parameter denoted by ǫ.
The approach presented in chapter 3 can only study the static properties of a bi-
nary brush. In the case of homopolymer brushes with purely repulsive interactions
(athermal solvent conditions) our method proved to be in excellent quantitative
agreement with corresponding MD simulations (see Fig. (2.2)). Since our approach
also uses an implicit solvent model we describe the different solvent selectivity for
the monomers in the following way: For the ’hydrophilic’ ones we assume athermal
interactions, χi,i = 0, and for the so denoted ’hydrophobic’ monomers we assume
an additional attraction among them, χj,j > 0 (see Eq. (A.2.6)). For the interac-
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tions between chain monomers of different types we set χi,j = 0 (they are purely
repulsive). These choices are analogue to the system studied in [95].
In Fig. (7.3) the SCF calculations for the density profiles (top) and end-monomer
distributions (bottom) for varying χ1,1 are shown. The grafting density, the chain
length and the relative fraction of both chain types are identical to those used
in the MD simulation of reference [95]. Comparing the upper panel in Fig. (7.3)
0.1
0.2










Figure 7.3: SCF calculation of a binary mixed polymer brush for various χ1,1 values:
χ1,1 = 0.2 (black) , χ1,1 = 0.4 (red) , χ1,1 = 0.7 (blue). Top: density profiles.
Bottom: end-monomer distributions. (N1 = N2 = 64, f = 50%, σ = 0.116,
Ds = 8). In addition are shown the calculations for a corresponding athermal
homopolymer brush (black dashed curves).
as well as Fig. (7.2) the similarity is striking. The parameter ǫ (varying cut-off)
in [95] and the change in the second virial coefficient in our mean field description
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Eq. (A.2.6) can not be directly mapped to each other, but a qualitative correspon-
dence between χ1,1 in Fig. (7.3) and ǫ in Fig. (7.2) can be drawn by considering
the Θ-point for a dilute homogeneous solution of polymer chains (χ = 0.5 in our
method, see Eq. (4) in [95]). The black curves in both figures (here and in [95]) are
still well below Θ conditions. Both chain types are beginning to phase-separate,
but no marked interface has evolved. The overall density profile (φ1 + φ2) is very
similar to the corresponding athermal homopolymer brush. Around the Θ-point
(red curves) the phase separation is enhanced and above Θ conditions (blue curves)
the hydrophobic chains form a compact layer at the grafting surface and a marked
interface (around z = 15) has evolved. Nevertheless, an increasing solvent selec-
tivity has almost no influence on the overall height of the binary brush. This is
confirmed by the MD simulations.
In the bottom of Fig. (7.3) the corresponding end-monomer distributions are
plotted. The chain ends clearly localize in different height positions at χ1,1 =
0.2. No hydrophilic end-monomers are found in the bottom layer close to the
grafting surface. With increasing χ1,1 the hydrophobic chain ends localize closer to
the grafting surface, whereas the hydrophilic chain end distributions remain very
similar upon varying χ1,1. That the hydrophilic layer is not much influenced by a
change of the solvent conditions is also found via MD simulations [95].
In the literature particularly the case of monodisperse binary brushes has been
considered. For such a system we could show that our SCF method is in very
good agreement with MD simulations (concerning the averaged height profiles).
Nevertheless one point must be noted. From previous studies it is well known that
the hydrophobic layer adopts different 3-dimensional morphologies, e. g. ’ripples’
(stripelike) and ’dimples’ (droplike), [25, 95–98]. Such lateral ordering phenomena
in binary brushes are neglected in our 1-D approach.
7.1 Varying the chain length - Multiple SCF so-
lutions
We consider now the case that the hydrophilic chains are shorter than the hy-
drophobic ones. Due to the chain length difference shorter chains tend to segregate
at the bottom layer in a bidisperse brush. This has been shown in chapter 5. On
the other hand due to their hydrophilic nature these chains have the tendency to
segregate at the top of the brush as displayed in Fig. (7.2) and Fig. (7.3). In spite
of the deficiencies mentioned at the end of the last section, we want to use our SCF
method to model such a system and investigate this interplay between chain length
difference and solvent selectivity. In the following we denote the ’hydrophilic’ and
shorter chains by ’2’ and the ’hydrophobic’ and longer chains by ’1’.
In Fig. (7.4) the density profiles for a certain parameter set are shown. As
expected, in case of a non-selective solvent (χ1,1 = 0) the shorter chains (φ2 with
N2 = 44) form the first layer near the grafting surface and the longer chains (φ1
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Figure 7.4: SCF calculation of a mixed polymer brush (hydrophilic / hydrophobic
chains) with different chain lengths (N1 = 64 , N2 = 44) (f = 50%, σ = 0.2)
with N1 = 64) stretch through that layer and segregate on the top. For highly
selective solvent (χ1,1 = 2.0 in Fig. (7.4)) the layers have been inverted and the
phase separation is very pronounced. The long hydrophobic chains form a very
dense and compact layer at the grafting surface and the short hydrophilic chains
now strongly stretch through that layer (note the range of oscillations in the profile
of φ2 for χ1,1 = 2.0 indicating that the monomers are packed densely) in order to
reach the solvent-rich phase.
For no parameter set a mixed state could be found. However, for certain sets
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Figure 7.5: Two self-consistent solutions for the same parameter set if N1 6= N2.
Left: Solution type ’A’. Right: Solution type B. (σ = 0.2, f1 = 50%, N1 = 64,
N2 = 44, Ds = 8)
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(coexisting) solutions for φ1 and φ2 could only be encountered if N1 6= N2.
In Fig. (7.5) the corresponding profiles for χ1,1 = 1.0 and χ1,1 = 1.5 are pre-
sented. The plot on the l.h.s. shows the case, where the long hydrophobic chains
form the bottom layer and the shorter hydrophilic chains form the second layer on
top. This type of profile is referred to φiA. With increasing χ1,1 the hydrophobic
layer becomes more and more compact.
The plot on the r.h.s. in Fig. (7.5) shows the other type of solutions, referred
to φiB, where the short hydrophilic chains form the first layer. They are not long
enough to stretch through the compact hydrophobic layer. With increasing χ1,1,
again, the hydrophobic layer, now on the top, becomes more dense and compact.
At the same time this compression of the hydrophobic layer also leads to a strong
compression of the hydrophilic layer, that gets ’squeezed’ between the grafting
surface and the compact top layer. Compared to χ1,1 = 0.0 in Fig. (7.4) the
hydrophilic layer has been compressed around 30% for χ1,1 = 1.5. Since the effective
interactions for the hydrophilic chains have been left unchanged this phenomena is
remarkable as it is mediated solely by the change in the solvent quality experienced
by the hydrophobic chains. With increasing χ1,1 the top layer aims to adsorb more
and more hydrophobic monomers, but since the chains are grafted the monomers
close to the grafting surface are surrounded by the incompatible hydrophilic chains.
To increase the amount of hydrophobic material in the layer the hydrophilic chains
have to be compressed. Since in the case of solutions ’B’ the hydrophobic layer
embeds the hydrophilic layer together with solvent molecules between itself and the
surface it builds up two phase boundaries.
Starting from a bimodal brush in non-selective solvent the short chains (N2)
form the bottom layer. With increasing selectivity (χ1,1) the monomers of the
longer N1-chains in the top layer crowd together and build up a ’cover’ of increasing
density. This cover, on the other hand, handicaps the hydrophilic N2-chains to
reach the top of the brush and the pressure acting on the two layers is increasing.
At some point this pressure is so high that the system fully inverts the two layers.
For very large χ1,1 only profiles of type ’A’ can be obtained just as for low values
only type ’B’ is retrieved as the self-consistent solution. At intermediate χ1,1 both
states are possible. They are metastable, and the lower and upper bounds of χ1,1,
where multiple solutions are found mark the two binodal lines of a first order phase
transition.
In Fig. (7.6) are shown the corresponding two solution types for a different set
of parameters. Also for any other choice of σ, f1 = 1− f2 and N1 6= N2 the same
behavior is encountered: For a given chain length difference there exists a range
∆χ1,1 where both types of solutions are found. Upon sensitively tuning the update
procedure in the numerical algorithm in finding self-consistent profiles we could
also retrieve sometimes a third type of states, that is in between the two solutions
discussed above. In that case parts of the chains adopt states of type ’A’ and other
chains those of type ’B’. The range ∆χ1,1, where coexisting solutions can be found,
increases with increasing relative chain length difference n∗ := (N1 −N2)/N1.
As mentioned already at the beginning of this chapter the 1D method used
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Figure 7.6: Coexisting SCF solutions for another parameter set: N1 = 128, N2 =
112, f1 = 90%, σ = 0.35
here cannot account for lateral structure formation. Therefore one might ask
wether a coexistence of the two encountered states is a realistic scenario in na-
ture. This could only be confirmed within other approaches (e. g. MD simulation)
and / or experiments. On the other hand, concerning the averaged height profiles
in monodisperse binary brushes Fig. (7.3) the results obtained by our method are
in reasonable agreement with simulation data and this constitutes an encouraging
hint that also in the case of bidisperse binary brushes the presented profiles in Fig.
(7.5), resp. Fig. (7.6), are reliable solutions at given degree of solvent selectivity. It
would be of principle interest to investigate in more detail the possibility to obtain
a discontinuous phase transition for bidisperse binary polymer brushes.
From the well-known behavior of bidisperse homopolymer brushes, e. g. Refs.
[64, 99], as well as that of monodisperse binary (mixed) brushes [95, 96], which
could be confirmed by our SCF method (see chapter 5 resp. the introduction to
this chapter), and the results presented in this section we can draw a qualitative
phase diagram for the general case of bidisperse and binary brushes in Fig. (7.7).
With increasing chain length difference N2−N1 the range ∆χ, where two metastable
states coexist and a discontinuous phase transition is predicted, increases as well.
With N2 → N1 one reaches a critical point, where no coexisting states can be
found. Also in the case of bidisperse homopolymer (χ1,1 = χ2,2) brushes we have
only one unique solution, where the shorter chains always form the bottom layer.
Therefore we denote this point a multi-critical point.
The encountered phenomena of various coexisting profiles, which differ such
remarkably from each other and that are found simultaneously stable within a
large range of interaction parameters (∆χ1,1 ∼ 0.5) is worth to be studied using
dynamical 3D methods which take into account more of the relevant effects.
Since we find coexisting solutions even at very low fractions of hydrophilic chains
(f2 < 5%) and due to the problems mentioned in the last paragraph, the fact that
the static SCF method can not provide any information about the free energy
barrier that separates the two states from each other (as well as the stability of the
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Figure 7.7: Qualitative sketch of the phase diagram of a binary (χ1,1 resp. χ2,2)
and bidisperse (N1 resp. N2) polymer brush.
states in the presence of dynamical fluctuations) and, most important, since we can
never be sure having found all possible coexisting solutions at a given parameter
set we will not study conformational transitions in bidisperse binary brushes by
analyzing these multiple solutions.
7.2 Very low fraction of hydrophilic
guest chains
Here, we consider individual modified guest chains grafted additionally into a ho-
mopolymer brush. In this limit f2 → 0 we can analyze the partition function of a
single test chain in the presence of the self-consistent profile of the homopolymer
brush.
To distinguish between the binary brushes with finite f2 discussed in the pre-
vious section we introduce the following notation: The majority brush chains are
of given length N , which are exposed to varying solvent conditions (controlled via
the χ parameter) and a test chain of varying length N∗ interacting strictly under
athermal solvent conditions (χ∗ = 0). This case of a test chain with χ∗ 6= χ and
N∗ 6= N has been considered also within the analytical two-state model in section
4.3. We note that in the limit f2 → 0 we no longer have to deal with coexisting
solutions.
In Fig. (7.8) we display end-monomer distributions, g∗e , of the hydrophilic test
chain. On the l.h.s. its chain length is fixed (N∗ = 91) and the χ parameter for
the majority chains (N = 128) is varied. On the r.h.s. we fixed χ = 1.2, and the
chain length of the hydrophilic test chain (N∗) is changing.
For the parameter set corresponding to the solid lines on both sides in Fig.


























Figure 7.8: End-monomer distributions g∗e(z) for hydrophilic test chains. Left:
Fixed chain length N∗ = 91 upon varying solvent quality χ for majority brush
chains. Right: Fixed χ = 1.2 and changing N∗. (Both sides: N = 128, σ = 0.35).
(7.8) the end-monomer distributions display two very sharp maxima. One at the
grafting surface and the other on top of the brush. At lower χ values or for shorter
test chains the end of the hydrophilic chain is strictly found at the grafting surface,
whereas for larger χ or longer chains N∗ it is localized on top of the brush, but it is
never found at intermediate positions (e. g. 30 < z < 65). At very low fractions of
hydrophilic chains in a hydrophobic majority brush we thus encounter a first-order
coil-to-flower transition, see also [90].
In Fig. (7.9) the free energy landscape FN∗ for the position z
∗
e of the chain end
is displayed for various χ-values. The brush parameters are the same as for the
















Figure 7.9: The free energy landscape in dependence of the height position z∗e of a
hydrophilic chain with N∗ = 91 for different χ values at σ = 0.35 and N = 128.
in g∗e were encountered within a quite narrow range of χ (∆χ ≈ 0.03). In contrast,
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the free energy landscape displays coexisting minima (at the grafting surface z = 0
and on the top of the brush, here z ≈ 70) for a much broader range, ∆χ ≈ 0.3.
For χ = 1.4 the probability to find the test chain in the ’coil’ state (close to the
grafting surface) in comparison to the ’flower’ state is almost zero (O(e−20)), but
nevertheless, aside the global minimum in the free energy for the ’flower’ state
there also remains a local minimum for the ’coil’ state. If for this parameter set
the test chain is somehow prepared in the ’coil’ state it has to overcome a large
energy barrier (∆FN∗ ≈ 15kBT ) to switch to the ’flower’ state. For χ = 1.29 both
states have approximately the same free energy, but the barrier between them is
∆FN∗ ≈ 20kBT . Even for χ = 1.08 a local minimum in the flower state is present.
This proves the large range of metastability with quasi-stable coexisting states for
the test chains as predicted in [90].
On the left in Fig. (7.10) the end-monomer distributions at low solvent selectiv-
ity are plotted. Obviously, the first-order character of the conformational transition
is already emerging far above Θ conditions (χ < 0.5). Indeed, for any χ > 0 we



























Figure 7.10: Left: End-monomer distributions g∗e(z) for hydrophilic test chains
(χ∗ = 0) of different chain lengths N∗ at low solvent selectivity (χ = 0.25). Right:
Corresponding interaction potential acting on hydrophilic test chains (χ∗ = 0) resp.
on equivalent test chain χ∗ = χ. ’SSA’ displays a potential due to the functional
form of Eq. (2.3.12). (N = 256, σ = 0.45, χ = 0.25).
maxima separate from each other and the first-order transition between the ’coil’
and the ’flower’ state becomes more significant (compare the solid lines in Fig.
(7.10) (left) and Fig. (7.8)).
On the right in Fig. (7.10) the corresponding brush potentials at low solvent
selectivity are presented. In section 5.2 it was shown that in presence of a potential
of the form given in Eq. (2.3.12) the distribution of the end-monomer of a test chain
does not reveal the coexistence of two maxima. For a test chain of equivalent type
above Θ-conditions (χ∗ = χ ≤ 0.5) the numerically obtained profile is in excellent
agreement with the predictions by SSA (beside missing fluctuation and depletion
effects in SSA). The potential experienced by a hydrophilic chain (χ∗ = 0) at
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χ ≤ 0.5 can also be reasonably approximated using the functional form due to
SSA. On the right in Fig. (7.10) we additionally display a potential of the form
Eq. (2.3.12) (SSA). The discrepancies are very small. The numerical SCF potential
is only slightly more steeper compared to the SSA form. Nevertheless, this small
difference is sufficient to generate the coexistence of two maxima in g∗e . Hence, it is
not only the appearance of the sharp potential drop for χ > 0.5 that leads to a first-
order transition. It is furthermore the overall functional form of the brush potential
acting on the modified test chains that slightly transforms towards a more box-like
profile. That this small variation has such drastic effects is remarkable and reveals
once again the very sensitive behavior of chain conformations in dense polymer
brushes.
In Fig. (7.11) we display the influence of length N of the majority brush chains
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Figure 7.11: Left: Free energy landscape for different majority chain lengths N at
fixed n∗ = (N −N∗)/N = 0.22 and σ = 0.35. Right: Average height position 〈z∗e〉
of the end-monomer of the test chain upon varying solvent selectivity χ. (n∗ =
(N −N∗)/N = 0.14, σ = 0.1)
scape for N = 64 and N = 256 for the same χ and relative chain length difference
n∗ := (N −N∗)/N are shown. Clearly, the range ∆χ of metastability increases for
longer brush chains N since the second minimum at both χ-values for N = 64 has
already disappeared.
On the right in Fig. (7.11) the average height position 〈z∗e〉/N of the chain end is
plotted versus the χ-parameter for different N . The transition point is independent
of N , but the transition itself sharpens towards a step-function for longer brush
chains N . Hence brushes of very long chains display a more sensitive switching for
the case of a switchable minority component.
In Fig. (7.12) we display the change in the average height position ∆〈z∗e 〉/N
upon varying the χ-parameter for selected relative chain length differences n∗ =
(N −N∗)/N . The different peaks (maxima) of each curve correspond to a certain
n∗. These maximum positions can be identified with the transition point χcrit
(analogue to the previous chapter Eq. (6.2.1)). The value of the maximum itself




















































Figure 7.12: Change in average height position upon varying χ for different major-
ity chain lengths N and relative chain length differences n∗ = (N − N∗)/N . Left:
Curves with maximum at increasing χ: n∗ = 0.05, n∗ = 0.14, n∗ = 0.25 (σ = 0.1).
Right: Curves with maximum at increasing χ: n∗ = 0.06, n∗ = 0.125, n∗ = 0.19
(σ = 0.45).
indicates how fast the transition occurs. On the left the results for grafting density
σ = 0.1 are shown. As already indicated on the right in Fig. (7.11) the transition
sharpens with increasing N . Additionally we note, that with increasing relative
chain length difference n∗ and also with increasing σ (compare r.h.s. in Fig. (7.12),
where results for σ = 0.45 are displayed), the maximum change ∆〈z∗e〉/N increases.
In section 4.3 an analogue situation for a modified test chain was discussed
within the analytical model. There, the difference between majority brush chains
and test chains was denoted as ∆χ = χ∗−χ and in the present case (χ∗ = 0), this
becomes ∆χ = −χ. For given chain lengthsN andN∗ Eq. (4.3.5) predicts that χcrit
(the value of the χ parameter where the conformational transition occurs) scales
like χcrit ∝ (1−N∗/N) = n∗. In Fig. (7.13) the results for χcrit obtained within the
numerical SCF method are plotted versus n∗. χcrit is defined analogue to Eq. (6.2.1)
with the replacement 〈zNP 〉 → 〈z∗e〉 and denotes the χ-value, where the change in
the average height position of the end-monomer becomes a maximum upon varying
χ. On the left in Fig. (7.13) the plots are for low to moderate grafting densities.
Here, the discretization step for χ was chosen as ∆χ = 0.025. The universality with
respect to the length of the majority brush chains is well observed. For a given σ
the data points fall on a single straight line. Hence, the critical parameter, where
the coil-to-flower transition is linearly proportional to the relative chain length
difference. The slope of the lines is increasing the larger the grafting density of the
brush is. On the right in Fig. (7.13) the data for high grafting densities are shown.
For these σ the discretization step is ∆χ = 0.083. For not too large chain length
differences the critical value of χ depends linearly on n∗. If the hydrophilic chain
length is further decreasing this linear relation is lost and χcrit adopts increasing
larger values. For σ = 0.45 the data points above n∗ ≈ 0.25 leave the straight line.






























Figure 7.13: Critical χ parameter in dependence of relative chain length difference
(N∗ − N)/N . Left: Low to moderate grafting densities (in ascending order: σ =
0.05, σ = 0.1 and σ = 0.2). Right: High grafting densities (in ascending order
σ = 0.35 and σ = 0.45).
at lower grafting densities. Since our SCF approach considers finite extensible
chains this deviation from the theoretical model is expected: For short chains χcrit
diverges if N∗b = hbrush, the brush height equals their contour length. Then, the
short chains have no possibility to reach the top of the brush. In section 4.3 the
Gaussian model was assumed, neglecting finite extensibility. With increasing σ
also the brush height increases (at fixed N) and hence finite extensibility comes
into play at lower ratios n∗.
7.3 Summary
We could show (see Fig. (7.3)) that the averaged height profiles of monodisperse
binary brushes of comparable fractions of hydrophilic (’type’ 2) and hydrophobic
(’type’ 1) chains are in good agreement with corresponding MD simulation (see
Fig. (7.2) and Fig. (7.3)). With increasing solvent selectivity χ1,1 the brush phase-
separates with the hydrophobic chains forming the bottom layer and the hydrophilic
chains stretching through that layer and forming a swollen brush on top.
We furthermore considered the case of bidisperse binary brushes at different
solvent selectivity, where the short chain fraction is constituted by hydrophilic
chains and the long chains being hydrophobic. At low solvent selectivity we find
the short chains forming the bottom layer. If χ1,1 is very large both layers switch
their position and the long hydrophobic chains forming now the bottom layer (see
Fig. (7.4)). At intermediate χ1,1 we find multiple solutions for the brush profiles
within our SCF method (see Fig. (7.5)). The coexistence of two different self-
consistent solutions in a wide range of ∆χ1,1 indicates a discontinuous (first order)
transition between the two states. Coexisting states can be found for any grafting
density σ and chain fraction fi > 0 if the hydrophilic and hydrophobic chains are
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of different length N1 6= N2.
In order to study conformational transitions of individual hydrophilic chains in
a brush constituted by a majority of hydrophobic chains we considered the case of a
single hydrophilic test chain exposed to the self-consistent density profile generated
by a hydrophobic brush. Within this test chain method the SCF profiles are unique
and for a given chain length difference N∗ 6= N we encounter a range ∆χ where two
pronounced maxima in the chain end distribution g∗e of the test chain emerge (see
Fig. (7.8)). The coexistence of two maxima in g∗e , indicating a discontinuous phase
transition, occurs already for χ > 0 (in contrast to chapter 5, where we found the
condition χ > 0.5 for the occurrence of coexisting states).
Using the test chain method we found a great range ∆χ of metastability for the
coexistence of the ’coil’ and the ’flower’ state (see l.h.s. in Fig. (7.9)), that increases
with increasing length N of majority brush chains (see l.h.s. in Fig. (7.11)). The
conformational transition itself becomes more sensitive to varying solvent selectiv-
ity χ, if the relative chain length difference n∗ = (N∗−N)/N and / or the grafting
density σ is increased.
The critical condition χcrit, where the conformational transition of the test chain
occurs, scales linearly with n∗ (see Fig. (7.13)), in agreement with the predictions
of the analytical model Eq. (4.3.5). As n∗ becomes too large finite extensibility




Surface layers of densely end-grafted polymer chains display many special features
with respect to the properties of the chain molecules comprising the polymer brush
as well as for the effect such a layer imposes on the surface properties itself. Es-
pecially the case of mixed brushes, where different types of chain molecules are
present in the grafted layer are of special interest for designing stimuli-responsive
surfaces.
In the present work we could show that the theoretical description of dense
polymer brushes and the study of individual chain molecules is a very delicate
point. Due to the high osmotic pressure and the large density gradient present in a
polymer brush strong interaction forces act on the brush chains, which get highly
extended. This special environment causes the theoretical results to depend to an
unusual extent on the actual chain model and the equation of state that has been
chosen in the model. It is also known that slight changes in the brush profile have a
tremendous effect on the behavior of an individual chain molecule. To study these
effects in detail we developed a new quasi off-lattice self-consistent field approach,
which is capable to analyze individual chain conformations and keep track of the
free energy profile of a modified chain in a densely grafted polymer brush. It ac-
counts for finite extensibility of the chains and allows the incorporation of segments
of different sizes and solvent selectivity. In comparison to MD simulation data we
could prove very good agreement for the brush profile, the chain end distributions
and the behavior of modified chains grafted additionally into the brush. Clearly,
our static mean field and one dimensional approach represents a much more simpli-
fied description of a polymer brush and its constituting chain molecules in contrast
to MD simulations, where i. e. dynamical aspects, entanglement effects and lateral
inhomogeneity are fully taken into account. But our method reduces the computa-
tional effort by several orders of magnitude and we can systematically scan a wide
range of the large parameter set, which would be impossible using corresponding
MD simulations.
In addition to the numerical method we suggest an analytical model to describe
the conformational transitions of modified guest chains in polymer brushes. In
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contrast to previously developed analytical approaches we are able to characterize
the behavior right around the transition point, where the modified chain switches
from a ’hidden’ state, with its chain end deep inside the brush, to a an ’exposed’
state, adopting a ’flower’ conformation with the chain end found beyond the top
of the grafted surface. The analytical approach can be simply adapted to different
kinds of modifications of the minority chains in the brush and suggests scaling
relations for the brush and modification parameters around the transition point.
We first apply our numerical and analytical approaches to the case of minor-
ity chains that differ in length (N∗) in comparison to the majority brush chains
(N). An individual chain which is of the same kind, but much shorter than the
other chains behaves completely identical independent of any external parameters,
like grafting density or solvent quality, and its behavior is even independent of the
chosen chain model. With increasing chain length N∗ → N this global indepen-
dence breaks down. Approaching the transition point we find the same scaling
laws as suggested by the analytical model for the height position of the free end
of minority chains in dependence of the grafting density, the solvent quality and
majority chain length also within our numerical method. Qualitatively there is an
important difference for the conformational transition in good (χ < 0.5) and in
poor (χ > 0.5) solvent. Whereas in good (and also Θ-) solvent there is always only
one minimum in the conformational free energy, transforming successively from
the ’hidden’ state to the ’exposed’ state with N∗ → N , we find these two states
coexisting for certain N∗ . N if the solvent quality decreases beyond Θ-conditions
(χ = 0). This behavior reflects a first-order type of a conformational transition
under poor solvent conditions.
As a second case we study chains in a brush where the end-monomer is replaced
by a modified end-group differing in size and solvent selectivity. Previous MD
simulations showed that, caused by changing the interaction strength χ, end-groups
that are bigger than the common monomers can exhibit a marked switching in the
height position. At low fraction of modified end-groups (fNP → 0) we found an
optimal grafting density σopt, where the average height position of the end-group
at the transition point changes most rapidly with respect to varying χ. We predict
that for big end-groups (or nanoparticles), with RNP > 3 b, the optimal grafting
density is found in the range of moderate grafting densities, which can be achieved
in experiments. When the size of the end-groups approaches the monomer size,
σopt is monotonically increasing and tends to diverge for very small end-groups.
Up to the critical point χcrit, where the switching takes place, we found the height
distribution of the NPs to be universal at constant ratio of modified end-groups
to monomers fNP/N . We found a vanishing critical value, χcrit = 0, for end-
groups that are of the same size like common monomers. With increasing size of
these end-groups we obtain χcrit = χcrit(σ) > 0 and χcrit saturating with larger
values of RNP . For end-groups smaller than monomer size, χcrit is negative and its
absolute value is about one order of magnitude larger than for bulky NPs. At low
to moderate grafting densities the numerical SCF results for bulky NPs confirm the
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scaling relation due to our analytical model. In contrast, at high grafting densities
this relation fails because of the increasing importance of next order terms for
finite extensible chain models. We can conclude that the switching effect is more
pronounced and occurs within a smaller range of χ for bigger end-groups (such as
nanoparticles), long brush chains N , moderate grafting density σ ∼ 0.1, and low
fractions of modified chains fNP .
We further study minority chains that differ in length and solvent selectivity
from the majority chains in the brush. For comparable fractions of both chain
types this case corresponds to a mixed and bidisperse polymer brush, which has
so far not been considered in literature. We could show that the averaged height
profiles of monodisperse brushes of comparable fractions of hydrophilic (’type’ 2)
and hydrophobic (’type’ 1) chains are in good agreement with corresponding MD
simulation. In the case of bidisperse binary brushes, where the short chains expe-
rience good solvent conditions and the long chains a rather poor solvent quality
we find multiple solutions for the brush profiles within our SCF method. The co-
existence of different self-consistent solutions in a wide range of ∆χ1,1 indicates a
discontinuous (first order) transition between the two states. Coexisting states can
be found for any grafting density σ and chain fraction fi > 0 if the hydrophilic and
hydrophobic chains are of different length N1 6= N2.
We furthermore considered the case of a single hydrophilic test chain (N∗ with
χ∗ = 0) exposed to the self-consistent density profile generated by a hydrophobic
brush (chain length N with χ > 0). Within this test chain method for a given chain
length difference N∗ 6= N we encounter a range ∆χ where two pronounced maxima
in the chain end distribution of the test chain emerge. This again indicates a
discontinuous phase transition, which now occurs already for χ > 0. Using the test
chain method we found a great range ∆χ of metastability for the coexistence of the
’hidden’ and the ’exposed’ state, that increases with increasing lengthN of majority
brush chains. We note that both states are rather quasi-stable as the free energy
barrier that separates these states is of O(NkBT ). The conformational transition
itself becomes more sensitive to varying solvent selectivity χ, if the relative chain
length difference n∗ = (N∗ − N)/N and / or the grafting density σ is increased.
The critical condition χcrit, where the conformational transition of the test chain
occurs, scales linearly with n∗, in agreement with the predictions of the analytical
model. Also here, finite extensibility must be taken into account as n∗ becomes
too large and the relation χcrit ∝ n∗ is no longer valid.
Using our SCF method we could prove that a very sensitive surface switching
effect can be achieved in mixed polymer brushes. Already slight modifications of a
low fraction of chains in comparison to the majority brush chains are sufficient to
find the free ends of these molecules whether fully hidden inside the grafted layer
or on top of it, being exposed to the surrounding media. In general the effect is
enhanced if the amount of modified chains is rather low, the chains are long, the
grafting density is high (except for the case of bulky end-groups) and the type of
modification is more significant (e. g. changing length and solvent selectivity of the
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whole molecule).
We must note that we exclusively considered the case of a monodisperse major-
ity brush. In real systems we regularly deal with a broad range of polydispersity,
especially in the case of polymer brushes. It is known, that polydispersity reduces
the effect of surface instability and should be taken into account in future studies.
Nevertheless, especially in the case of binary and bidisperse brushes we are con-
vinced to achieve a switching behavior even in a polydisperse majority brush. The
reason is that under poor solvent conditions also a polydisperse grafted layer would
adopt a rather compact and dense layer. A considerably shorter chain, which in
contrast to the other molecules experiences rather good solvent conditions, will
therefore also encounter a rather step-like external potential, and we expect a first
order coil-to-flower conformational transition.
Appendix A
A.1 Connectivity corrections for
chain molecules
A.1.1 Carnahan-Starling and connectivity corrections





1 + φ+ φ2 − φ3
(1− φ)3 . (A.1.1)
Here, N denotes the total number of spheres in the system, p the pressure and φ










with the volume of a sphere v.
Without the contribution from ideal mixing (Πid = 1, translational entropy)
the excess equation of state reads:
Πexc =
4φ− 2φ2
(1− φ)3 . (A.1.3)
the following connectivity correction to the CS EoS was suggested in [74]:
Πcorr = − φ
1− φ (A.1.4)
The idea leading to this correction term is to omit the ideal entropy contribution
for a connected sphere [74]. Beside the fact, that this correction proved to work
very well in comparison to MD simulation [86] it also provides a very simple form
in contrast to other corrections (as presented below). In this form the EoS for a
segment in a grafted chain reads:
ΠBA =
3φ− φ3
(1− φ)3 . (A.1.5)
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For comparison the Flory-Huggins osmotic EoS (grafting condition → no transla-
tional entropy) reads:
ΠFH = − ln(1− φ) + φ
φ
. (A.1.6)
Using fundamental thermodynamical relations (e. g. [46]) one can calculate from
Eq. (A.1.5) the chemical potential µ in Eq. (3.2.4).
Especially as we will come to the general case of mixtures of spheres of different
sizes forming chain molecules in appendix A.2, this connectivity correction Eq.
(A.1.4) does not make a difference for spheres of certain sizes that are incorporated
at different positions in a chain. This reduces the computational effort considerably
as otherwise one would have to distinguish not only type and size of a segment but
also its concrete position in the chain sequence (as in appendix A.1.2).
We briefly discuss alternative approaches to describe the connectivity correc-
tions for chains of hard spheres.
A.1.2 Thermodynamic perturbation theory
Wertheim [100, 101] developed a formalism for molecules that aside the hard core
repulsion, additionally, carry strong short-ranged attraction sites on the edge of
the repulsive core potential (the surface of the molecule). For such sites coming
close to each other the molecules tend to promote an association into complexes
of (rigidly) bound molecules (possibly dimers, oligomers or even up to polymers).
Quantitative results from the formalism can only be obtained within an approx-
imation scheme dividing the actual potential into that of a well known reference
system (here: fluid of unconnected hard spheres) and the additional contribution
from the attractive sites. The desired properties of the real system are calculated
by an expansion around the reference system (0− th order in perturbation theory).
For many fluids of an-isotropically shaped, multipolar or polarizable molecules the
thermodynamic perturbation theory (TPT) [102] has been well established. Apply-
ing the approach to varying angles between the attraction sites and so describing
flexible chain molecules the result in first order TPT (with the CS EoS Eq. (A.1.1)

















In case of grafted chains the contribution 1/N from translational entropy of the
chain molecule has to be omitted in Eq. (A.1.7) and the resulting excess EoS is
plotted in Fig. (3.4) (WH).
In the following the TPT formalism was extended to multicomponent hete-
rochains of hard spheres [104], where chains of different length Nk and composition
of spheres of variable sizes are mixed in the fluid. The authors in Ref. [104] conclude
that their connectivity correction only depends on the number of differently sized
spheres found in a certain chain type, but not on the specific sequence the spheres
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are arranged in the chain. However, the starting point to calculate the connectivity
correction ΠTPTbond is Eq.(11) in [104]. First, let us consider a homopolymer (diameter
λ1) with the segment at the chain end being replaced by a differently sized sphere
(diameter λ2). Clearly, in the sum of Eq.(11) [104] the pair distribution function
g1 2(λ1/2 + λ2/2) [85] for spheres with λ1 6= λ2 appears only once, whereas for the
case a inner segment has been replaced, this function appears twice [81]. For a
mixture of chains where a fraction f2 of chains has a different end-segment the
result in first order TPT is:







2ζ3(1− ζ3)2 + 3ζ2δ(1− ζ23) + ζ22δ2(2 + ζ3)









2ζ3(1− ζ3)2 + 3ζ2λ1(1− ζ23) + ζ22λ21(2 + ζ3)
2(1− ζ3)3 + 3ζ2λ1(1− ζ3)2 + ζ22λ1(1− ζ3)
}
. (A.1.8)
Here, ζi is given in Eq. (A.2.2) and δ = 2λ1λ2/(λ1+λ2). The reference system for a
mixture of unconnected hard spheres of different sizes is described by ΠBMSCLexc , see
Eq. (A.2.1). If a inner segment would have been replaced we get Eq. (A.1.8) with
f2 → 2f2. Nevertheless, the corrections due to the TPT form (last two terms in Eq.
(A.1.8)) are far more complicated in comparison to Eq. (A.2.3) (not to mention the
form of the chemical potential µ that has to be calculated from the corresponding
Π).
A.1.3 Flory-Huggins analogy for hard spheres
Yet another frequently cited method to account for chain connectivity was pre-
sented around the same time like the TPT approach. Dickman et. al. [79] extended
the arguments of the Flory-Huggins theory (lattice) to a continuous space. This is
achieved by a reformulation of the original approach in terms of insertion probabil-
ities for a ’probe’ chain in a system being already partly filled with identical chains.
Using fundamental thermodynamics and combinatorial analysis the authors in [79]
obtain relations between the insertion probabilities and the EoS of free and con-













(1− φ)3 . (A.1.9)
In continuous space the relevant quantity for insertion probabilities is not the vol-
ume v of particles, but the excluding volume ve, that the object effectively blocks
for other compartments in the system. This ve(N) has to be calculated for an




≈ ve(3) + (N − 3) [ve(3)− ve(2)] ≈ 0.614 + 0.459
N
. (A.1.10)
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The excess part of Eq. (A.1.9) using Eq. (A.1.10) is plotted in Fig. (3.4) (DH).
In literature also other approaches are found to account for chain connectiv-
ity (e. g. [80, 82]). Most important is to note, that computer simulations [105] of
hard sphere chains proved the EoS in Eq. (A.1.7) and Eq. (A.1.9) to be in good
agreement, especially for low N values. For very long chain molecules these EoS
generally overestimate the found results in simulation. Comparing the EoS in Fig.
(3.4) one notes, that the EoS being used in the present work (BA) is even above
the ones in Eq. (A.1.7) or Eq. (A.1.9). It should be noted, that the simulations
performed in Ref. [105] considered the bulk EoS exclusively. In Ref. [19] the tran-
sition point from a swollen to a dry brush is found to be shifted in comparison
to the Θ-conditions in bulk solutions. As a consequence the EoS for the chain
molecules in a polymer brush must be regarded to differ from its unconstrained
bulk form (free, ungrafted chains) and also displays a dependency on the height
position [106] and the grafting density in the grafted layer. That the EoS in dense
polymer brushes might be different is not suprising: In contrast to regular bulk
conditions the chains are strongly stretched and, in addition, the gradient in the
density profile is enormous. As shown in [72, 86] applying the EoS in Eq. (3.2.4)
yields excellent agreement with MD simulations of densely grafted polymer brushes.
A.2 Mixtures of spheres of different sizes and sol-
vent selectivity
The Boublik-Mansoori-Carnahan-Starling-Leland (BMCSL) EoS [84, 85] describes

























The total number of particles is defined as N :=∑iNi and we have Ni spheres of
a certain type i with diameter λi. Note, that ζ3 =
∑
i φi, the total volume fraction
of all particles in the system. As in the homopolymer case we also here have to
add a correction term that accounts for the connectivity of the spheres. Analogue
to [74] and Eq. (A.1.4) the chain connectivity correction reads:
Πcorr = − ζ3
1− ζ3 . (A.2.3)
We have to add Eq. (A.2.3) in Eq. (A.2.1) for all spheres, that form a segment in
a chain.
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In this free energy notation the chain connectivity correction means that for a
sphere of type i (that forms a segment of a chain) we have to omit the term
−kB T Ni ln (1− ζ3) in Eq. (A.2.4). This also implies, that in case we have free par-
ticles in the system the connectivity condition separates ’free’ spheres and ’chain’
spheres into different types (altough they might be identical besides the connectiv-
ity).
In addition, for a sphere type i that is ’free’ or that forms a segment in an
ungrafted chain we must consider the ideal contribution (translational entropy).




ln (ζ3) . (A.2.5)
In dependence on whether a sphere is ’free’ (chain length Ni = 1), forms part
of a grafted chain or it is a segment in an ungrafted chain the above mentioned
corrections Eq. (A.2.3) and / or Eq. (A.2.5) have to be made in Eq. (A.2.1).
The advantage of this equation of state for interconnected hard spheres is its
rather simple form in the generalized case of spheres of different sizes as compared,
for example, to the thermodynamic perturbation theory (TPT) by Wertheim [78]
(see A.1), where one has also to distinguish between identical types of connected
spheres that form segments in different chain types.
To describe also thermal solvent conditions (not only purely repulsive hard
spheres) we have to introduce short range attractions between spheres. A common
way to model such attractive interactions in mean field theories is to introduce a
χ-parameter in the second order term of the virial expansion of the free energy.






χi,j φi φj = −6
∑
i,j
χi,jNi λ3i φj . (A.2.6)
The χi,j parameters fix the cross interactions between particles of type i and j and
must be symmetric. Note, for attraction the χ parameters are defined positive.
This definition is the most simple form that meets all desired conditions, that
are necessary and it follows the form of the excess free energy for the mixtures
of hard sphere Eq. (A.2.4) and Eq. (A.2.2) [84, 85]. It is symmetric in φi and
φj, it is proportional to the sum over all spheres Ni, and hence it is an excessive
quantity, and it contributes to the second order term in a virial expansion of the
total free energy. This additional term must be added to Eq. (A.2.4). With these
modifications (chain connectivity and additional short range attraction) in Eq.
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(A.2.4) we can obtain the chemical potential for particles of type i as the derivative








This defines our equation that closes the self-consistency relation in Eq. (3.1.13)
for systems of spheres of different sizes, interactions and connectivity constraints,
where F in Eq. (A.2.7) contains the adequate correction terms as mentioned above.














χi,jNi λ3i φj . (A.2.8)
Taking the derivative Eq. (A.2.7) the result in terms of the mean density ψi,j Eq.
(3.1.14) is presented in Eq. (3.2.7).
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